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Solution of Trefethen’s Problem 10

: J. Boersma
Department of Mathematics and Computing Science

Eindhoven University of Technology
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Trefethen’s Problem 10 as proposed in [1] reads:

A particle at the center of a 10 x 1 rectangle undergoes Brownian motion
(i.e., 2D random walk with infinitesimal step lengths) till it hits the boundary.
What is the probability that it hits at one of the ends rather than at one of
the sides? :

Solution. The analytical part of the solution is found by an approach taken
from Zauderer (2, Section 1.3]. Generalize the problem as follows: A particle
at (z,y) = (0, K’/2) undergoes Brownian motion in the rectangular domain
D={{z,y)] —K <z < K,0 <y < K'} till it hits the boundary of D;
here, K = K(k) and K’ = K (k') are complete elliptic integrals of the first
kind with modulus & and &' = /1 — k2. The question is to determine the
probability p, say, that the particle hits at one of the ends z = £ K rather
than at one of the sides y =0 or y = K.

Introduce the Green’s function G(z,y) with singularity at (z,y) = (0, K'/2),
specified by

AG = Gz + Gy = =6(x)d(y — K'/2) in D,
G(z,y) = 0 along the boundary of D.

Then, according to Zauderer {2, Section 1.3], the probability p is given by

K' 3G
" (K .
p /0 52 (K,y)dy

The Green’s function G{z,y) is determined by use of the conformal mapping
¢ = sn(z,k) = snz, where z = z +iy; for the theory of the Jacobian
elliptic function snz, see Byrd and Friedman [3, pp. 18-28]. The mapping
¢ = sn z transforms D into the half-plane Im ¢ > 0, and sends z = iK”/2 to
¢ =sa(iK’/2) = i/vk by [3, form. 129.50, 122.11]. Then it easily follows
that G{z,y) is given by

snz—i/Vk ey
——|, z=z+1y.
snz-}—z’/\/g' Y

: 1
G(z,y) = —5-log

/2



/3

Determine the harmonic conjugate

1 (snz-z'/\/g)
——arg | ————=1,
2r " \snz+i/VE/)

which is related to G(z,y) by the Cauchy-Riemann equations 0G/8z =
OH/0y, 0G0y = —0H/0z. Then the probability p can be evaluated as

H(z,y) = s=a+iy,

}\” aH - e rf "
p=—2 f L(K,y)dy = —2H(K, K') + 2H(K,0).
0

By use of the known values sn K" = 1, sn(R + L") = 1/k, from (3, form.
122.02, 122.07}, we find the following expressions for p:

p= %[arctan(l/ﬁ)uarctan(ﬂ)] = l—j—; arcta,n(\/g) = %arctan (1 ; \\?—g) ;

By means of Whittaker and Watson [4, p. 486] the rightmost expression can
be expanded as '

p = —arctan
T

2 iozo(q.')(Zn-}-l)z — _8_ .'_i_O( 13)
T+oy () #1790

where ¢/ = e”™/K"
To solve the original problem, the modulus %k is to be chosen such that
2K/K' = 10 or K(k)/K{k') = 5. The latter equation has the solution

k = y/1 ~ ks, where ks is a so-called singular modulus; generally, the sin-

gular modulus ky satisfies K (/1 — k%)/K(kx) = v/N. It so happens that
the value of kys is explicitly known from Borwein and Borwein [5, p. 162]:
kas = (v/5—=2)(3-2-5'4)/1/2. Then the probability p for a 10 x 1 rectangle

is found to be

. :
p=1— —arctan(y/1 — k%) = 3.8375879792512261034 x 107"

i

0 20 significant digits. In the present case ¢ = &7

approximation

™ and the corresponding

PR 8 e™’" = 3.837587979251342 ... x 1077

T




L)

has already 13 correct digits.
Several singular moduli ky are known from [5]. This permits an easy calcu-
lation of the probability p for a 2v/ N x 1 rectangle.
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Plot{{EllipticK[k~2], EllipticK[l-k~2]}, {k, 0.01, 0.99},
PlotRanga - {1, 6}, PlotPoints =+ 200, AspectRatio —» 3/ 4]
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Out{l0]= = Graphics -

Inf15j:= Plot{{EllipticK[l-k"*2] /EllipticK[k"2], EllipticK[k"2] /EllipticK[1-k"2]},
{k, 0.01, 0.99}, PlotRange—» {0, 4}, PlotPoints =+ 200, AspectRatio - 3/ 4]
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In[3}:= pl[k_] := Plot[{JacobisN[x, k*2], JacobiCN[x, kx~2], JacobiDN[x, k*2]},
{x, -2 #EllipticK[k~2], 2 #EllipticK[k~2]}, PlotRange -» {-1, 1}, PlotPoints -+ 400]

In{7]:= 2xEllipticK[0Q]
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Outf8j= = Graphics -
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In{12]:= 2+EllipticK[0.5]
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