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Preface.

"Graphs and Association Schemes'" was the subject of the Combinatorial Theory
Seminar Eindhoven in the fall semester of 1982. The selection of this subject
was governed both by didactical considerations and by preference and scien-
tific involvement of the lecturers. Each week lectures were given by one of
the senior members and by one of the student members. The present notes have
been worked awt by the students J.P. Boly and C.P.M. van Hoesel.
Chapter 1 introduces spectral methods in graph theory, concentrating on

graphs with o = 2 , and on those with g mi

max n
line graphs, this last class contains some further interesting graphs: they

= =2, Apart from most of the

are interrelated by switching. Finally Turan's theorem on cocliques is applied
" to a problem in coding theory. In Chapter 2 some more results on eigenvalues
of matrices are derived such as interlacing theorems. These are applied in

the theory of graphs(e.g. in connection with generalized quadrangles) and

of designs (e.g. in connection with absolute points in a projective plane):
The next chapters are dedicated to association schemes. Chapter 3 introduces
the Bose-Mesner algebra and P- and Q~ polynomial schemes. Examples from
PG(Z,&), from generalized hexagons, and from regular two~-graphs are worked out.
“The chapter culminates in the MacWilliams -transform and in Delsarte's code-
eclique theorem. There is an aépendix on algebraic tools. Chapter 4 discusses
Hollman's results on Pseudo-cyclic association schemes: (i)} equal multipli-
cities iff equal valencies plus.an extra condition; (ii) censtruction of

‘a new 3-scheme on 28 vertices which, togethér with Mathon's scheme, is
funique; (1i1) comstruction of a new class of schemes from the action of
P0(3,q) on PG(2,q), q = 2",

' Chapter 5 deals with few-distance sets. The absolute and the mod p bound
for spherical s-distance sets are proved. The relations between twowgraphs,
:switching classes- and equiangular lines are indicated. The possibilities for

'gqﬁiangular lines having cos ¢ = 1/3 are worked out in detail. Finally,
~in Chapter 6 the following theorems from combinatorial geometry are proved.
{1} For large d there are at least (].15)d points in Rdhaving only acute
_iénglﬂs. (ii) Theré are at least (1 + iy )d points in ‘Rdhaving all angles

gmaller than « + T/3 (Erst—Fﬁredi).




d sre two-distance sets.

(iii) Indecomposable isosceles sets in g
We hope that the present notes will serve the members of the seminar and

many others.

May 1983 J.J. Seidel,
' A. Blokhuis,

H.A. Wilbrink.
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Chapter 1.

Graphs and their spectra,

Intreduction.

In the past years much attention has been paid to the question, what
properties of graphs are characterized by the spectrum of their
adjacency matrix. In particular we can ask ournelves whether a graph
or a class of graphs is uniquely determined by its spectrum.

This chapter deals with connected graphs, having largest eigenvalue
2 and those with smallest eigenvalue -2. Also the spectra of two classes
of graphs are determined and further an equivalence relatien on graphs,
based on their spectrum, is given. Finally we derive a theorem about
the largest coclique in a graph, with an application to coding theory.
General references for this chapter are [31, [91, [11], (133, [211],
£313.

1.2, Graphs with largest eigenvalue 2.
A graph (V,E), where V is the set of vertices and E the set of edges,
has an adjacency matrix A defined by
' a; = ! iff (1,3) € E (i and j € V)
a5 =0 1iff (1,jY ¢ E.
Remark. aii = 0 for all 1 € V.
1.2.1, Example. The pentagon graph consists of five vertices with cyclic

adjacencies. The adjacency matrix is

01 0 0 q 0 1 0 0
) 0 1 0 O 0 0 1 0
— T —
AS = o 1 0 1 0O = P5 + P5 where P5 = g 0 0 1 0O
01 0 1 0 0 0 1
1 0.0t 0 i 0 0 0 O

The eigenvalues of A5 can be derived from those of PS' Because
(P )5 = 1, the five eigenvalues of P_ satisfy o = i,

5 5
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This leads to spec{(P) = { 92ﬂlk/5 | k=1,

..,3 }, and therefore,
spec(A) = 1 e-2ﬂ1k/5 N eZﬁlk/S

} = { 2cos(27k/5) }, since PE = P;].
It s easy to see that L 2. A method to determine all eigenvalues

explicitly is given below:

C
I
IT
1 i
a b d c
Let 2cos(27/5) = v - I. The triangles I and II are similar and bed is
isosceles, so bd = 1 and ad = ¢d = 1. Similarity of I and II leads to
T -1 1
= —, or 1° =T + |, with positive solution }(¥5 + 1).

1 T

Henceforth we will reserve the symbol T to denote this number called the
"golden ratio' -
In terms of T we have

spec(a) = { 2, TdI, T_I, -, -T }.

All graphs with ® ax - 2 can easily be found with the help of the next

three theorems.

i.2.2. Theorem. (Perron~Frobenius). Let A be an irreducible, nonnegative,
square matrix, the the largest eigenvalue of A i1s positive of
multiplicity one, and it has an eigenvector with all entries

positive.
Remarks.

(i} We only deal with the adjacency matrices of connected graphs.
These are irreducible.
(ii) All eigenvectors belonging to @, # @ ax have at least one negative

entry, since they are orthogonal to a positive vector.



_.7_
~ A B -, . . .
1.2.3. Lerma. If A = and A is irreducible and all its entries
C D
are nonnegative, then amax(A) > umax(A).

}

2.4,

.2.5.

Proof. From 1.2.2. we know that the eigenvector x = [:l] of & for

- 2
o ax(A) is positive, Therefore

m
2 2
o2 (@ = max ngﬂ_;.= _ “Axl + Bx2" 2 + ||Cx12+ Dx2“ X
max X
<l I E

"Axl ¥ szl ? ' “Axl“ 2 5
> max > max = a (A).

T R Y

Since & is irreducible, B and € are not null matrices. So inequality
holds.

a

Definition. The complete bipartite graph K,. is a graph whose vertices

can be divided into two subsets X] and X2 of i and j

vertices, respectively, such that X, and X, form two

1 2

cocliques and each vertex of X, is adjacent to all the

1
vertices of X,,. ‘ |

2
A k-claw is a complete bipartite graph K|
. H

Lemma. A graph having @ ax 2 does not contain k-claws with k > 4,

Proof. Let A be the adjacency matrix of the graph, where the first

k + | vertices form the k~claw. Since dmax(A) = 2,
’ |

- -
2 - -
0 B
2 - A = ’ 0 is positive semidefinite.
N . ‘
BT - c
- - d

B iia e il sl s

T




Hence
det = det > 0
0 21 -
Therefore 2 - k/2 > 0 and so k g 4,
For k = 4 we must have B = 0. 0

Remark. Tf a graph has o = 2 with eigenvector x, this eigenvector
satisfies Ax = 2x , hence '
For all i 2x, = T x, where the summation is over all j with

j adjacent to i,

To find all graphs with @ 2, we search systematicly for all

possibilities, starting with the 4-claw.

1) t 1 The 4-claw has o = 2 with eigenvector
T max
(1,1,1,1,2)", This implies, by lemma 1.2.3.,
2 that all graphs having a 4-claw as a proper
1 1 subgraph have A an 2.
2) The graphs with only 2-claws are circular graphs.

Adding edges cannot lead to other graphs with |

1 o rax - 2, since these graphs have a circular

graph as a subgraph or they are circular them

selves.

3} Now consider a 3-claw. Being a subgraph of the 4-claw a 3-claw
has & x < 2. We add vertices in 211 possible ways until we obtain
graphs with a2 2. No further adding of vertices is possible,
according to 1.2.3.

% If we add a vertex to A we obtain the 4-claw.again.

B
We distinguish three other cases: 1 2 3 2 1

(i)} Add wvertices to all three vertices
B, C and D. This gives the graph on the 2
. - . . ¢
right, that has @ ax 2, with eigenvector

(1,2,3,2,1,2,D7. |



(i1) Add vertices only to B and C. This graph
has still o < 2. Adding another point
max

to B yields a graph with o > 2 as we will
max

see in (iii).

The only two ways left to get a graph with Ay 2, are:
adding vertices to E only (3) or one vertex to both E and ¥,
3 2 3 4 5 6 4 2 1 2 3 4 3 2
O <) O O O I——%O
3 1:2
(iii) The last possibility is adding a vertex to B only. This can
only be done as following:
1 1
C
N 2 NN ~c§_‘<
D ; : 1
Remark., We will encounter these graphs again, in relation with
sets of lines in Euclidean d-spaces in section 1.5.
1.3. Line Graphs.

The incidence metrix N of a graph is a v X e matrix, where v is
the number of veértices-and e the number of edges of the graph.
N).. =1 iff vertex i and edge j are incident,

1]
(N)ij = {} otherwise.

One can simply verify that _

W =D+A  and  NN=21+1,
where D is diagonal with_dii the number of vertices adjacent
to i, A is the adjacency matrix of the graph and L is the adjdcency
matrix of the linegraph. The vertices of the linegraph correspond
with the edges of the graph. Two vertices of the linegraph are

adjacent, whenever rhe corresponding edges have a common vertex.

. 2
Example, 12
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The importance of the incidence matrix lies in the fact that if we
know the eigenvalues of NNT or NTN we can easily find the eigenvalues
of I. and those of A, if A is regular. This is expressed in the next
theorem.
1.3.1. Theorem. NNT and NTN have the same eigenvalues, except for 0, with
the same multiplicities.
Proof. Let X £ 0 be an eigenvalue of NNT of multiplicity f.
Then NNTU = AU for a matrix U of rank f. Therefore
NTNNTU = RNTU.
Rank(U) = rank(AU) = rank (NN'U) < rank(N'U) < rank(U).
Hence rank(NTU) = f,
Because NTN(NTU) = ANTU, we find that X is an eigenvalue of NTN of
multiplicity f. 0
Examples. The complete graph K(n)} has the triansular graph T(m)
as 1ts linegraph
b . c

K(5) T(5)

e
.. . . n
The incidence matrix N has size n x (2)

W= (n- DI+ -T spec (NN )=([2n-23',0n-23""")
spec (NTN)=([2n—2]l,[n_2]“—]’[o]i(n*3)n)
since L = NTN - 21 spec (A(T(n)))=([2n_4]1’[n_hjn—l’[_zjg(n_3)n

The complete bipartite graph Kn a has as its linegraph the lattice
’

graph Lz(n).

a b c
K33
d e f
K has 2n x n2 incidence matrix N for which holds

n,n




_]]_

2n~2

n1?™2 201! 00D

NNT= nl + [0 J] with spec(NNT) 2

spec(N') = (1?2 121" 11y

spec(A(l, () = (Cn-222""2 ron-21' 0o 1

- : &

We see that these linegraphs all have smallest eigenvalue -2. %

The reason is that the original graphs have more edges than vertices. In
that case the size of NNT is smaller than that of NTN which means that ..
NTN, being positive semidefinite has smallest eigemvalue 0. So the

linegraph has smallest eigenvalue -2.

The Switching-classes of .T(5), T(8), L2(4).

Apart from the (0,1) adjacency matrix A of a graph, we have the

{(-1,1) adjacency matrix C, where Cij = -] iff the vertices i and j ;

are adjacent, and Cij = 1 iff they are not adjacent, diag(C) = 0. ' ’

The relation between A and C is
C=J3-1-2A

For regular graphs the spectra of A and C are related as following §

spec(C) = (v m e v—I—Zam, Y; T —I—Zui)
where a is the largest eigenvalue of A and @, are the others.
. Examples.

T(n) has C-spectrum ( i(n—2)(n—7)?! 7-20 W71 2 %n(n—B))

bl

2n~2 ﬁ2—2n+l

L2(n) has C—épe&trdm ( (n-l)(n—B)‘l, 3-2n , 3 )

In general T(n) and Lz(n) have three different eigenvalues. However

for some n there are only two distinct eigenvalues,

T(n): if $(n~2)(n-7) = 7-2n then n = 5
or (n~2)(n~7) = 3 then n = B
Lz(n): if (n=1){(n-3) = 3 then n = 4

So in this case the (0,+1) adjacency matrices satisfy a

quadratic equation:




e B

- 12 -
T(5) € - 3D(C + 3I) = v = 10 k=6
T(8) (¢ - 31)(C + 9I) = v = 28 k = 12
L2(4) (C - 31){C + 5I) = v =16 = 6

Switching.

Let x be any vertex of a graph. Switching with respect to x is defined
to be the following operation: cancel all existing edjacencies to x
and add all nonexisting adjacencies to x. The effect of switching

with respect to x on the adjacency matrix C is that the row and column

corresponding to x are multiplied by -1,

Example of switching {w.r.t. vertex 6):

3 Q4

+

[0+ + 4+ 4] 3 4

o
|
+ +
+ + 4+
t

+ + + + + O
+ + |
I @
< !
|
+
N
Ln

+ +
]
©
'

6 - - 6

Switching with respect to any number of vertices is an equivalence
relation on the set of all gravhs on v vertices. For a given (~1,1)
adjacency matrix C, the switching class consists of graphs with
(-1,1) adjacency matrices DCD, where D = diag(+1). It is clear that
the Cuspectra of switching equivalent graphs are the same.

Switching with respect to a certain subset of a graph has the same
effect as switching with respect to the subset's complement. In terms

of matrices this is changing D into -D.

Problem. Find all regular graphs, possibly except for an isclated

vertex, in the switching-classes of T(5), T(8), LZ(A).

There are two ways in which one may obtain a strongly regular graph
from a graph whose C-matrix has only two eigenvalues. The first one

is to isolate one vertex. Then the graph on the remaining vertices

is strongly regular. The second one occurs if it is possible to switch
in such a way that the resulting graph is regular (it is easy to see
that there are only two possible valencies). The graph will then be

automatically strongly regular.




_]3_

D) Isolation.

We isolate the @-marked vertex (a "black" wvertex), by switching with

respect to the ©-marked wvertices (''white" vertices).

®
T(5}: we get L2(3) and an
) isolated vertex.
L2(4
we get T(6), k = 8, ®
and an isolated vertex.
T(8): _ We pet the Schlifli-graph. In thisgraph

eath vertex in the switching set is

adjacent to six other._switchpoints

and to ten non<vswitchpoints. The

non-switchpoints are adjacent to

eight others and to.eight switch-

points. So the Schlifli-graph is

regular with k = 16, hence strongly

| Y
| T I | ‘] ‘\\ regular.

2) Non4isomorphic graphs with the same valency.
L,(4): 5 9 13 '
27 )

12 15 2 5

leads to

4
(In the second graphCWQ vertices are adjacent iff they are adjacent
in the picture, in LZ(A) two vertices are adjacent iff they are on

one line)

-

Ste g o g

SR

A
'..




The second graph is called the Shrikhonde-graph. This graph -is not
isomorphic to Lz(é). In Lz(é) each vertex is adjacent to two groups
of three vertices, and in the Shrikhande-graph each vertex is adjacent

to a b~cycle.

T(8).
Switching into a non-isomorphic graph with k = 12, can only be done in

three essentially different yays, leading to the following "Chang-graphs”.

None of these graphs is isomorphic
to T(8), because each point in T(8)

is adjacent to a 6-clique.

T{5) has no non-isomorphic graphs

with k = 6.
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3) Graphs with a different valency k.

Regular graphs in one of the switching-classes satisfy v-1-2k= Yo
where Yo ia an eigenvalue of the adjacency matrix C. This reduces

the number of possible valencies k to.two:
C(T(5)) has eigenvalues 3 (k 3) cand -3 (k = 6)

C(L2(4)) has eigenvalues 3 (k = 6) and -5 (k =10)
c(T(8)) has eigenvalues 3 (k =12) and -9 (k =18)

]

T(5): We get the Petersen—graph, k = 3,

LZ(A): We get the Clebsch-graph, k = 10,

In the Ciebscﬁ—grabh two .@-—vertices or two O -vertices are adjacent
iff they have a line in common and a @-vertex and a O-vertex

are adjacent iff they have no line in common. '

Rematk. Shrikhande has proved that the only regular graphs with

v =-16 and k = 6 or k = 10 are the three graphs that we met here;
L2(4), Shrikhande and the Clebsch-graph.

T(8):

Switching to a graph with k = 18 is not possible,.

Proof. Let A be the (0;1) adjacency matrix of such a graph. Then its
eigenvalues are k = 18, r = & an? s = <2, (Ym = -9, \Fi -9 or 3)
with multiplicities !, f and g. Because the multiplicities add up to
v and trace(A) = 0 we know | +f + g = 28 and 18 + 4f - 2g = 0.

This leads to £ = 6 and g = 21I. ' ‘

Fhg

N .-‘C o
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O SRl
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....l6—

6 6 21

. (-2)21) and spec(2I + A) = (201, 6, 07).

=0, 1, ... l)T is an eigenvector of A with eigenvalue k = 18,

So spec(A) = (181, 4

Because j is also an eigenvector of J with eigenvalue v = 28,
we get: spec{A + 2T - %% J)y = (01, 66, 021).

Consider A + 21 =~ Eg J as the Grammatrix of 28 vectors in R6. These

28 vectors form a spherical two-distance set since

_ 20
o N Q/Y where ¢ = 2 -EE .
20 4 . . 20
A+ 21 -2 d = y . B=-%5g
Bfy - i 20
‘1 Y=1-75-

. . . 6 .
But a spherical two~distance set in R contains at most
b+6-(6+3) = 27 vectors. So the graph cannot exist.
(In sectimm 5.1.we will show that a spherical two~distance set in

d .
R cannot contain more than id(d + 3) points).

(l
Remark. The graphs, we have found here are all strongly regular
graphs. They have adjacency matrices C that satisfy

{(C - dll)(C - GZI) = 0. Graphs with this property are examples of

strong gravhs, and regular graphs that are strong are strongly regular.

Graphs with smallest eigenvalue -2.

We start with some examples. We have already met the line graphs
in section 1.2. Some other graphs are the cocktail party graphs
on 2n vertices. These are graphs with

A= 7 spec(A) = (2n—2], On, ~2nbl).

Further the strongly regular graphs of Petersen (v = 10), Clebsch (16),
Shrikhande (16), Schlafli (27), Chang (28),.

If a graph has @ in " -2 then 5

= . 0/1
A=
21 + o/ é,

can be considered as the Grammatrix of a set of --ygctors at 60 and

90 degrees in Rd,




1.5:1.

Since each vector spans a line, through the origin, we have a set of
lines at 60 and 90 degrees in Rd. Conversely suppose we have a set
of 1 lines at 60 and 90 degrees. We can take two vectors along each
line, of length 2. Their Grammatrix G has entries {+2, +1, 0 3,
and it is positive semidefinite. If we rearranmge G we get

2 0/, )
0/-1-5] 0/1/-1/2
—

0/1/-1/-2

The upperleft submatrix is 2I - B, where B is a {0,!) matrix with

4]
max

adjacency matrix having @ ax 3_42. Such a set of lines can be completed

< 2. The lowerright submatrix is 2I + A, where A is a (0,1)

in the following sense. If it contains two lines, 1 and m ah 600,
a third line, in the plane of 1 and m, can be added at_60o with 1
and m, and at 60° and 90° with all other lines. A
collection to which no more lines like these can be added is called

star-closed.

Theorem, The irreducible sets of lines at 60° andr900 which are

star-closed, are the root systems:

Ay Dy» Egs By E

n S8t
(Irreducible sets of lines are collections that cannot be

divided in two or more orthogonal subsets.)

: P n -
Let el, -+ + « . . & be the orthonormal basis in R . The root-systems
- g !

An’ Dn, En (n =6,7,8) are described ‘as following:

D :
n

A i={< e, - ga?li L {!,2; .. .n+l}}JAn|

]
!

{< i_g; i.5j>|i % jle (1,2, . ., n}},]Dn] n{n-1).

1

.ﬁn(nfi).

H

.n e |

For example the cocktail party graphs consist of a subset of Dn:

{<g, :-Ei> | =2, ., . ... n+l} where two "vertices" are adjacent

iff they have only e, incommon, hencé it is the compiemént of the

. graph

(n times)

:

S R R L S




The friendship graph {431 i_gi>| i=1,2, .. .8 v {e9 + elO}‘

For the graph G = ( {Eq* e 'En} , E ), its linegraph is described
by {{Ei + Ej>] (i,i) € E} where two elements are adjacent iff they
have e, or e, in common.

L(K6) = {<gi +Ej>] i#j oi,j=1,2, . . .6}.

L(K3,3) = {ee; =~ gj;] i=1,2,3, j=4,5,6}

8
E8 1= D8 Ll{i(eigt + . . ESES)I ;= —"igl ;

E8 contains 56 + 64 = 120 lines. If we take one vector along each
line we find a Grammatrix 2I + C. Since rank(2I + C} = 8 and 21 + C
is p.s.d. the following holds:

spec(C) =((-2)1|2, Ay - Agte
8

8
We have trace C = 0 = 112(-2) +I ), s L}y, = 224 = B-28.
2 P 2 18 2 2
trace C° = 120(120-1-63) =T Ai + 12«4 , L Ai = Be«28".
1
So with help of the inequality of Cauchy—Schwarz Xl = . .= AB = 28.

This results in
(C + 2I)(C - 281) = O.
Furthermore graphs in EB have < 36 vertices, valency < 28 and regular
graphs have < 2B vertices with valency < 16,
Example: the Schlafli-graph is

{<_e_i+_e_j>{i,j=t,2,...6,i7!j}u

uilre -e-edli=1,2..6 j=781.

E, is the set of lines orthogonal to a single line in EB' It has
63 lines.
E. is the line set orthogonal to a star in E8. It contains 36 lines.

We refer to[ 9 Jto further details and proofs.




1.6. The theorem of Turan about the larpest coclique in a graph;

an application to coding theory.
i.6.1. Theorem. (Turan, [34]). In a graph on v vertices and with e edges,

the size of the largest coclique is at least M, where
v 27+1
M=min{meNle2[—-]-v—(m )-m}
m 2

Proof. Assume that for some m € N the graph does not contain a coclique

of more than m vertices, Let q := [v/m]l. So v = q:m + r, where

0 € r < m. Divide the graph in a subgraph on m vertices, that contains

the largest coclique, and a sub- A

. 0 B,

graph on (q-1)m+r vertices. AL "

Repeat thisproces on the latter 0 é B mn

) 7ZZA 2

graph q — 1 times. Now each column

in Bi contains at least one 1, since .

“the corrgéponding coclique is maxi-

mal (see diagram). So

e 2 (vem}) # (v-2m) + . . . . . . . (v~ gm) =
+1
= quv - (q2 Ym.
N D

1.6.2. Theorem. In a graph on v vertices and with e edges, the size M of the

. - 2
largest coclique is at least v/ (v + 2e) (%)

Proof. Consider the graphs in which the largest coclique contains '

at most m vertices. Fix 05 r <m. For these graphs on gqm + r

vertices we prove that .
: e 2 v{v-m)/2m . : T x%)

Note that (x) €= {(xx),
We use induction to q. For q = 0 (**) is trivial, Secause in that
case v < m holds, which means v(v-m)/2m < O.

Assume (**) holds for q. Divide the graph on v' = (q+l)m + r

once as in 1.6.1. We immediately see 4 :
" 2 v+ v(v-m)/2m = v(vm)/2m = 9 % B, _ }m

(v'-m)v'/2m.

This can be done fer any r,

0<r <m. 0.
: qm+r

}
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Remark. The granh with Ir e (J ~ I)q+] o
A= {
J -
o I 8¢ I)q
is an example for which in theorem 1.5.1. equality holds, for
|maxcoclique| = m and e = gv - (qzllm.

For theorem 1.6.2. such a graph cannot be found for all v and m.

Anplication. (For more details see [12]).

Consider two transmitters that transmit

. Lemma. If not both d and d' are allowed in D, then there are

¢, ¢' € C and there is a u for which holds:

if u. =1 then c. = c| ,
i i i

such that

2
I
[Ks]
®
=
s+
=]
o
1]
|m
@
| e

Proof, Let ¢, c' € C and ¢+ d-= e’ + dh

simultanecusly along a single chanmnel. 'T] \‘\\\\\
We are interested in block-codes such Channel
that the receiver can read the infor- T2 0,1,2
mation that each transmitter has sent. T1 T2 R
So we want codes
: 0 0 0
0 ] !
¢ < (0,13, D e {0,1}", with the I 0 1
pronerty that for all ¢, ¢'€ C and : ! 2
for all d, d'¢ D the following holds:
ctd=c wd iff c=gcl,d=d ()
(here "+" is addition in Z).
Example. C = {00,11} , D = {01,10,i1}.
Now choose €, and let all its words have length n.
. Lemma. If (*) holds and ¢, ¢' ¢ C, c # ¢' and if u « {O,I}n
with ug = 1 ey ¢, = ci, then either ¢ @ u or c' 8 uin
D,but not both. { ® is addition mod 2).
Proof. We can easily verify that c + (c' ® u) = c' + (¢ & v).
0
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Without loss of generality we have

c=0 .0 0. 01 1 |
d = 0. 001 10 01 :
c+d=0 .01 1 c .12 2
and £'= 0. . 0 0. 01 10, .01 . .11 1
£‘= 0 o 1. 1 0 0 1. 10 . .01 H

define u:=0. .. .., .01. .1 0. .00. .01, .11, . ... .1

(]
Corollary. Define the graph G = (VC, EC) where Vo = QO,!}n
(the vertices), and EC 1=
O U ) {{c ®u, c'® ull

t = =
ceC ¢ eC\&E} Elui 1==;ci i

(the edges). Now,a code D for which (%) holds is a

coclique in G, and a coclique in G is a suitable code D,

C

Theorem. Fix code C again, with C ¢ {0,11", Let
. 2 . .
- ' N o= 3 -
A, Té]{(g, c'y ecC I d (c,c") il. d, is the Hamming
distance between two vectors, that is the number of
coordinates with {ci - é{i # 0.

The maximum cardinality for D such rhat (%) holds is at

2" |
////k] + ¢

least

i
. . ) 2} i=1
Proof. We know:|VC| = 2,
Fufthermore ' .
<} I Lox - 3 g ohmd, (e,e')-l
EC| =4 ceC E'EC uj ! ceC c'eC 2 dh
n . .
= ¢ pii-l S 1 -
1=l (c,c')cc.ldh(c,c')ei
n'. -
=g o} a2t
i=1 L

Apply 1.6.1., and 1.6.5. Then we get: the maximum cardinality of a

coclique is at least o0 ' n .
/(1 + el za, 27h.
i=1 1t

SRR e T L

e

AL

e
i

e

)

R

Bl
4
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Chapter 2.

Eigenvalue techniques in graph and design theory.

In this chapter we shall derive some resuits about eigenvalues of ma-
trices. We will also apply these results to graph theory (e.g. gene-
ralized quadrangles) and design theory (e.g. projective planes). the
matrices considered will be real ‘and square of size m. If ) € spec(A),
then the span of the eigenvectors of A for A is called EA(A).Suppose A

has n (not necessarily distinct) real eigenvalues; Then we shall denorte

)\l(A) 2 J\Z(A) 2 .. 2 J\n(A).

Ceneral references for this chapter are 131, [ 21 1,

2.1, Introduction.

these eigenvalues by
2.2. Some basic theorems.
2.2.

Theorem. Let A be a symmetric matrix.
(i) 1If X € spec(a), then A € R,

(i1) If AJ, 12 € gpec(A), A] # A

then < Xy X > =0,

2
(iii) There exists an orthonormal basis of eigenvectors of A.

9 X, € El (aA), X, € El (ay,
I 2

{in other words: there exists an orthogonal matrix § with
STAS = diag(l],..., An), where AI z ...z A, are the eigen-

values of A.)

Proof. {i) Let x be an eigenvector of A for A. Then

R;Tx = ;TAX = xTA; = ;TAx = K;Tx = XxT

(ii) A]< X

x = X;Tx. Therefore A ¢ R,

X, > =« Ax], X, > =< X

1 %2 2 10 Axp 7 = A X Xy 2

1’ 72

AI # A, hence < Xp» Xy > = 0.

(i1i) This we prove by induction on n, the size of A.

2!

If n = 0, there is nothing to prove. Suppose m> 0. A has at least one

eigenvalue ll. Let X, d EA (A), < Xy, Xy > 0® 1. If SI is the matrix with

. L
first column x! and as other columms an orthonormal hasis of < X, >,

then SI is orthogonal and
A] 0...0
0
T . (2) . '
S,AS = (2) , where A is symmetric of size m - 1.

] : A
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By the induction hypothesis, there exists an orthogonal matrix $. with

2
A2
.0

T,(2) : f
S,A°77s, 0 A i
10....0 &
0 3
1f § = sl : S2 » then § is orthogonal, and ‘ﬁ
0 ' %
ll .ﬁ
STAS = ln y

g

2.2.2, Theorem. (Rayley's principle)
Let A be a symmetric matrix of size n, and assume that 4 has-

eigenvalues AI(A) z ... 2 An(A).

Let u,,..., u_ be an orthonormal basis of eigenvectors of A,

u; € EA.(AS(A)’ i=1,..., n. Then:
i

UTAu
. < .
(1) Ai(A) - uTu , for u € < Upseens, By >, U #0,0<1ic< n;

equality holds iff u is an eigenvector of A for Ai(A).

uTAu

(ii) x., ., = 1 -

) i+ uTu_ , for u.e< Upseens ui > =< Ei+1""’ un_> ,

u#0, 6<1i<ng

equality holds iff u is ah eigenvector of A for A;+1(A).
Proéf. us=21 a.u.. Then,
— 3=} 373
T L a?l. - A.L a
u Au i1 . 1

T = z = A..
v 5 al £ a’ *
] J
. i 2 o

Equality holds iff Zj=!(}j Ai)aj =0, i.e. 1ff Aj > Ai =$aj =0,

i.e. 1ff u_ € Eki(A)(A).

((1i) can be seen replacing A by =-A).

]
R




U Au uTAu
2,2.3. Corollary. A] = max —m—— An = min T
u u'u
A A
2.2.4. Theorem. If A = T is a symmetric matrix of size n,
Ay By

ATI gsymmetric of size m, then

XI(A) 2 AI(A]]) z Am(A]]) > An(A).

Proof. uTAu uTAu uTAllu]
XI(A) = max =y >  max T = max o = Al(Ail).
uu uﬁgg uu ] u]u]

(xn(A) z Am(All) can be proved in the same way by applying the above

to —A and -4, .).
11 0

2.2.5. Corollary. Let S, b2 a n x m matrix such that st = Im. Let A be a

1 1
symmetric matrix of size n, Define B := SIAS!. Then

AI(A) 2 AI(B) 2 Am(B) 2 An(A)-

Proof. (Note that B is also symmetric). Let 52 1= (x - xn_m), where

I
Xpswoes X is an orthonormal basisof <S]§ ( <S> being the span of

the columns of SI). Then (S

1

SZ) satisfies SS = I and S is square;
hence ST =8 . Also

il

T
B S]AS2

sTas =
sTas sgAs

2771 2

STAS has the same spectrum as A. Therefore, theorem (2.2.4.) yields

AI(A) z Al(B) z Am(B) > An(A)- ]

2.2.6. Corollary. Let A be a symmetric matrix partitioned as follows

A . .. . A

Il Im
A= . . R
A e s oo« « A
ml [iuige]
such that Aii is square for i = 1,2, . ., . . m,of size n..

Let bij be the average row sum of Aij’ for i,j =1, . . . m
Define the m x m matrix B := (bij)'

Then
A](A) > AI(B) > Am(B) > An(A).
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CORE TR

Proof. Define — - i
' | 1 0. 0 i
. . 1 1 . i
§T . « e o . . 0 . %
1 .o . . %
0. . c 0. ..0 . | 1
n n n
i 2 m
w1
D := dlag(/n /h . e, Vh ) and S] 1= SID .

T liaTd -1 oTe 2
Then SISI = D S_]SID D dlag(n], e s nm)D = Im’ and SISI =D,

It is cleatr now that (§TA Sl)ij equals the sum of the entries of Aij'

Hence
B=7D zngS] » and therefore DBD I STASI'
B has the same eigenvalues as DBDu]. Hence corollary 2.2.5. yields

AI(A) 2 A](B) b2 AmtB) > An(A)- .

Using corollary 2.2,6 the following theorem in the graph theory
can easily be proved:
2.2.7. Theorém. Let G be a reghlar graph on n vertices of degree k,

containing a coclique of size c¢. Then

ek ~ An(A))s —uAn(A),

ﬁherexn(A) is the smallest eigenvalue of the adjacency
matrix A of Gf

Proof. We can write A as

12 22

The average row sum matrix of A, corresponding to this partition, is

0 k -
B = ck {(n~2c)k
n—c n=c
. . ' P ke |
with eigenvalues k](B) = and I (B) = _.;:E .
T Corollary 2.2.6 yields ke N '
- Coe == 2 (4).
n-c n

hence, c(k - ln(A)).S —nkn(A).
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In. the following paragraph we shall give more applications of the

results obtained sofar.

2.3. Generalized Quadrangles.
2.3.1. Definition. A generalized quadrangle of order (s,t) is an incidence
structure with pointsand lines such that:
(1) each line has s + 1 points,
{(ii) each point is on t + 1 lines,
(iii) two distinct lines meet in at most one point,
(iv) for any nonincident point - line pair x,1 there
is a unique line through x that meets 1.
We can easily see that the number of points in a generalized qua-
drangle of order (s,t) is (s + i) (st + 1).
The point graph of a generalized quadrangle Q is the graph, whose
vertices are the points of Q, two points being adjacent, whenever
they are on a line of 0.
This graph is strongly regular with parameters
v= (s + 1)(st + 1) , k=s(t+ 1) ,
A= s -1 , p= t+1 ’
The complement of this graph has parameters
v=1(s+ 1)(st +1) |, k = 52t .
A= 32t - st -8+ t, = 52t - st
An account of the theory of generalized quadrangles can be found
in  [23], [341].
2.3.2. Lemma. The smallest eigenvalue of the complement G of the point

graph of a generalized quadrangle of order (s,t) iz =-s.

Proof. Let A be the adjacency matrix of the graph G. Because G is

strongly regular, the following holds:

AT = kJ  and A2 = kI + M + u(J - 1 - A),
Hence, A and J ean be diagonalized simultaneously, and therefore
02 + (u=-X + (u=2)p =0 for the eigenvalues p ¢ k of A.

This yields -s as the smallest eigenvalue of A.
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5
y
i

2.3.3. Theorem. Let Q denote a generalized qua&ranglé of order (s,t),
s > 1. Then t g sz
Proof. Let G be a regular graph on n points of degree k, and assume
that G contains ¢wo disjoint cliques of size 1 and m, respectively,
such that no two points in different cliques are adjacent.

If A is the adjacency matrix of G, then we can write

J-1 0 Ay
A = g J ; I A23
A3 Ayy By

The average row sum matrix of A is in this case

1 =1 0 k-1+1
B = 0 . m ~ 1 k—-m+ )
1(k~1+1) m{k-m+1) k= L{k=1+1) + m(k-m+l1)
n—1l-m n-1-m : n-1-m

It is easy to see that A_(B) = k.

Call a := trace(B) - k = (1+m) (k1) - 2(n-mi)
‘ n-1-m

= 2,8 + 2, (B).
and | . (=21)1m = (n=k) (14m) + @

B := det B -k
n=-1-m

= lz(B)-A3(B)

Hence, A2(B), 13(8) are thg roots of the equation x2 -ax + B = 0,
If we apply this on the complement of the point graph of Q with

n= (1 + s)(1 +-s£) , k= sgt,and smalléﬁt eigenvalue -s , we find
witﬁ corollary 2;2.6 that (-—s)2 -a(=s) + 8 2 0.

This yields s = 1 or (1-1)}{m1) < sz;

Clearly, in a generalized quadrangle (s,t) the induced subgraph on
the confipuration of t@o nonadjacent pqints X,y toggther with the

t + 1 points that are adjacent to both x and y is a K | graph

2,6+
(see chapter 1): so we can apply the above with 1 = 2 and m = t + 1.

Then we find that if s > 1, then t 5'32.

0
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2.3.4. Theorem. Assume that a generalized quadrangle Q of order {s,t)

2.

4.

contains a subguadrangle QI of order (Sl’tl)'

Then 8 = sl or s]t1 < s,

Proof. The parameters of the complement of the point graph of Q are

v = (s+1)(st+l) , Ae=slt-st-s+t
k = szt s o= szt - st,
The parameters of the complement of the point graph of QI are
2
- = + = - -
v, (sl 1)(sltl+]) , 11 s1t, = st s, *t ’
k, = szt , u, o= 52t - 8.t .

1 i1

We can partition the adjacency matrix of the complement of the point

. graph of Q in such a way that we get the following average row sum

matrix Kk k - k]

i
v, (k) k= V1 kky)
V"'Vl

It is easy to see that xl(B) = k. Furthermore,

AI(B) + AZ(B) = trace(B)= kl +k - vl(k_kl) .
v-v
1
_ v
Hence kz(B) = kl 1 (k=k.) .
vy, 1
Corollary 2.2.6. yields AZ(B) > Av(A)-
v
2, (A) = -5 , and therefore k - V“L (k) z g

1
This leads to (s-sl)(32t+s-ss]tlt—s tl) = 0.

Then s = s or, because 8 2 5, , 5t + 5 - 5§, L €~ sty 2 0

Therefore

S=3] or Slt] s 5.

Interlacing of eigenvalues.

2.

4,

1.

We now introduce a useful property of eigenvalues.

Definition. Suppose A and B are square real matrices of size n and m
(m < n), respectively, having only real eigenvalues.
If 3.(A) 2 A.(B)z A L(AY, for all i =13, . . m
1 1 n-m+1i
then we say that the eigenvalues of B interlace the

eigenvalues of A.
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2.4.2, Theorem. Let All A12
T K
Az By

S

be a symmetric matrix of size n, A, . square of size m.

11

Then the eigenvalues of All interlace those of A.

e

Proof. Let V},..., ¥_be a orthonormal basis of eigenvectors of All’ ;?
and define v? = (9.} (0. . 0)), for all i =1,..., n. ﬁ
1 1 Ny ot -}

n-=m 'W

Let u/,..., u_ be an orthonormal basis of eigenvectors of A. For o

i=1,..., m, select a _u ¢ (<ugiyonn, U n <V ey v N0} .
(This is possible because dim(<ui,..., un>) =n-1i+1, and
dim(<v],..., vi>) = i, and therefore dim(<ui,..., un} n <v],..., vi>)2 1).

Then u has the following structure: u= (T | Q...0), and
[ el

therefore we find with theorem 2.2.2., that nem
uTAu ﬁTA]]ﬁ
T - — Fod
Ai(A) > U?u =Te z Ai(A”). (T e< G'],..., v > }.
If we do the same with —-A and -Al1 we find:
_Ai(A!l) = Am-i+l(-All) = p\m--iﬂ(-A) = _An~m+i(A)'
Hence, Ai(A) z li(A]!) ; An—m+i(A)’ for all i = 1,..., m.
| | 0
2.4.3, Corellary.Let Sl be a n X m matrix such that stl = Im.
Let A be 2 symmetric matrix of size n and define.

T
B := S]ASI.

Then, the - eigenvalues of B interlace the eigenvalues of A,
Proof. Define 52 and S as in the proof of corollary 2.2.5., and use

thegorem 2.4.2.
' C

2.4.4, Corollary,. Let A be a symmetric matrix partitioned as follows:

A . . s A :

A= . e
A N -

and let B be the average row sum matrix of A.

Then the eigenvalues of B interlace those of A.




v
e

2.4.5,

2,5.

_30_

Proof. Define g}. D and S1 as in corollary 2.2.6.; then

DBD ! = szsl.
With corollary 2.4.3. we find that the eigenvalues of B interlace
the eigenvalues of A.

X

The following shows an application to graph theory:

Theorem. (Cvetkovif bound).

Let G be a graph on n vertices with a coclique of size c.

Then c doesn't exceed the number of nonnegative (or nonpositive)

eigenvalues of the adjacency matrix A of G.

Proof. A can be partitioned as follows:

chc A12
A= T
Alg Ay

Then with theorem 2.4.2. we find that
AC(A)_i AC(O) = 0 and hn_c+](A)_i AI(O) = 0.

Hence, ¢ cannot exceed the number of nonegative (or nonpositive)

eigenvalues of A.

M

Block designs.

2.5.1,

Definition. A block design (balanced incomplete block design) with

parameters (v,k;b,r,A} is a set X of v elements and a
collection of b-subsets of X, called blocks, such that,
1) each block has cardinality k,
2} each element of X occurs in exactly r blocks,
3) each pair of distinct elements of X occcurs in exactly )

blocks.

In other words, a block design is a 2-{v,k,x) design.

A block design is called symmetric if v = b.

We want to apply the results obtained in the preceeding paragraphs to
block designs. But, because the incidence matrix of a block design is

usualy nonsymmetric, we need the following theorem:
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2.5.2, Theorem. Let MT and N be real mx m, matrices. Put

0O N
A = M 0 3

then the following are equivalent:

e

e

(i) A # 0 is an eigenvalue of A of multiplicity f;

S

(ii) = X 4 0 is an eigenvalue of A of multiplicity f;

(iii) lz # 0 1s an eigenvalue of MN of multiplicity f;

(iv) 12 # 0 is an eigenvalue of NM of multiplicity £.

Proof. (i)e=a(ii). , Ty

Let AU = AU, for some matrix U of rank f, Write U = [U;] and define
U

T =j-u!|, where U, has m, rows for i = 1,2. Then NU, = AU, and MU, = U..
2 i i 2 i i 2

This implies AT =-AT. Since rank U = rank U, the first equivalence is

proved,

(1ii)e=(iv).
Let MNU' = AZU', for some matrix U' of rank f, AZ # 0. Then
NM(NU') = XZU', and rank NU' = rank U', since,

rank U' = rank A2U' = rank MNU' % rank NU' < rank U'.

et AL - e DR DL el e R

This proves the second iequivalence.
(L) PF(iii).
NM 0

Because Az = [ ] , it follows that (i)=#(iii).

0 MN
If MNU' = AZU', U' of rank f, then

NU* ANU' LRIl  [nu' _ :
A 'l T AZU' = A sl e and AU has also rank f. Hence (111)=>(1).

(1

2.5.3. Theorem, Let N be the incidence matrix of size v x b of 'a block design
with parameters (v,k;b,r,2) (r = %E% A).

Assume that

!
N = , where N. is a v.x b, matrix,
N, N 1 1 1
3 4
Let r, be the average row sum of Nl’ and k] = vlrl the average
b
column sum of N]. Then, !

(vrl - blk)(Pk] - v]r).i (r - M)(v - v])(b - bl)'

/
i
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0 N
Proof. Consider the symmetric matrix A = [NT 0] .

Because NN = {r =3I + A1, we find that the eigenvalues of NNT are
kr, of multiplicity 1, and (r -} ) of multiplicity v - 1, With theorem
2.5.2. we see that the eigenvalues of A are (rk)é and —(rk)i, each of
multiplicity 1, {r -} )i and ~ (r -X )%, each of multiplicity v - 1,

and 0 of multiplicity b - v. If we write

o 0 Nl N2
0 0 NB N4
NN Q0 0
A= * % » then the average row sum matrix of A is:
N, N 0
L2 4
[0 0 r, T,
0 0 X r—X b](k - kl) vl(r - r])
B = kl k-k1 0 0 , where x = v - v and y = b - b]
y k-y 0 0

It is easy to see that AI(B) = - lk(B) = (rk)i, and with
det(B) = rk(r] - x)(k1 - y) and trace(B) = 0, we also find that
(B = =3, (B) =((x, - 0, - ynk.
Corollary 2.4.4, vields RZ(B) g_kz(A), and therefore
(rl - x)(k] -y) 2 t - ). Hence

{(vr, = b X)(bk, = v,r) < (r -2 ) (v - v, )(b-Db).
] I ) 1 1 1 O
2.5.4, Corollary. If a block occurs ¢ times in a block design, then
b
/V > 85 .

Proof. In this case we can write for the incidence matrix of the

block design:
J N

N = kxs 2 )
0 Nh
then, if we use theorem 2.5.3. with v, ® k] = k and b] =r =s, then

we find that b/v > s
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2.5.5. Corollary. A subplane of a projective plane of order n has order

m < +h.

Proof. A projective plane of order n is a symmetric 2-(ﬁ2+n+1, a+l, 1)

design, with r = n + | and b = n2+ n + 1. Theorem 2,5.3. with

b1= V= m2+ m + | and kl= r,=m I yields m 5 ¥ n. {(equality holds

for Baer subplanes.)
0

2.5.6. Corollary. If f is the number of fixed points of an automorfism of

2,6,

a symmetric 2-(v,k, ) design, then

f sk +/n, where n = k -1 .

Proof. (Note that # fixed points = $ffixed blocks.)

let N] be the incidence matrix of the nonfixed points and the nonfixed

blocks. A nonfixed block cannot centain more than A fixed poimts (for,
if B is a nonfixed block and B' its image, then the points in ﬁ\B'
are nonfixed). Therefore we can use theorem 2.5.3. with

vi=b=v-f, k=r > k- i=n. This yields f <k +/ n.

1 1

N

Tight dnterlacing of eigenvalues,

2.6.1. Definition. Suppose A and B are square matrices of size n and m, respec-

tively (m < n), having only real eigenvalues, and assume that
the eigenvalues of B interlace the eigenvalues‘of A.

(Hence %i(A) 2 Ai(B) > An_m+i(A), i=1l,...,m

If there exists an integer k, 0< k <m such that

‘ Ai(A) = xi(a), i=1,...,k | ‘

An—m+i(A) = li(B), i=k+1,..,m.
Then the interlacing is called tight.
| A A |
2.6.2, Theorem. Suppose A = T is a symmetric matrix of size n,
A A

1712 T2z
A, square of size m. We know that the eigenvalues of A

o 11
intexlace those of A{theorem 2.4.2.).

If the interlacing is tight, then'AIé= 3.

!
i
3




2.6.3. Corollary. Let S1 be a nxm matrix such that §
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Proof. Let 1 be an integer with Ai(A) = Ai(AII), for i = 1,..., 1,
and let V],...,Gg be an orthonormal basis of eigenvectors of A, ..
We shall first prove the following by induction on 1:

-
v v
(x) v, =( 0 ) ,---v1=( 01) are orthonormal eigenvectors of A for
the eigenvalues AI(AI]),...,Al(All).
If 1 = 0, then there is nothing to prove. Suppose 1 > 0. We have

Ay = A (A ) = VA V) = VoA,

Because VIE S ViseensVi o >, and by the induction hypothesis

ViseresVy_, are orthonormal eigenvectors of A for the eigenvalues
AI(A),...,Xl_](A), we find with theorem 2,2,2.(ii} that vy € EA (A)(A).
This proves {(x).

If the interlacing is tight, then there exists an interger 0 £ k £ m
with Ai(A) = Ai(All) for i Toeoo,k, A i(A) = Xi(All) for i=k+i,..,m.

n-m+

If we apply (%) to AI] and A with 1 = k and to -A}] and -A with 1 = m - k,
we find that if ?1,...,36 is an orthonormal basis .of eigenvectors of Als

It

v v
then v, =( 0!) ey Vo =( Om) are orthonormal eigenvectors of A,

—~ ~ ~ .\.;
IEV = (v,een,v ) and V= (F,...,5 ), then VT=.(..0) and
AV = VD, where D is a diagonal matrix. Therefore AIZV = 0, and because
¥ is nonsingular we find that A12 =0

T
15

™
symmetric of size n., Define B = SiAS‘..We know that the

eigenvalues of B and A interlace (corollary 2.4.3.).

=1 ., Let A be
m

If the interlacing is tight, then S]B = AS]

Proof. Define 5, as in the proof of corellary 2.2.5.. Then

2
I = (8§ S.)(s S )T = § ST + 5 ST and with theorem 2.6.2, we see
1* 72 1* 72 171 272 *
that Sz ASI = 0 (see also the proof of corollary 2.2.5.). Therefore
0=28 GTAS = (I~-8§ ST YAS. = AS, - S B.
2727 171 1 | 1

Hence, AS1 = SIB'
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2.6.4. Corollary. Let B be the average row sum matrix of

Al! "Alm

A= : : , A symmetric of size n,
A L ....A :
ml T

We know that the eipenvalues of B interlace those of A
(corollary 2.4.4.). If the interlacing is tight, then S

A.., i, = 1,...,m has constant row and column sums.

1] .
. L
Proof. Use the proof of corollary 2.2.6. ( define 8y SI’ D the same
way). Then DBD—] =-STAS1 . If the interlacing of B and A is tight, '“i

then the interlacing of DB.T)_l and A is also tight, With corollary 2.6.3.
— K o

we obtain AS1 = S]DBD I. This yields Ag} = SIB .

Hence, the average row [and column) sums of the Aij are constant.

_ N
We now apply tight interlacing to graph and design theory:
1) In theorem 2,2,7. we see that the interlacing of the eigenvalues
of B and A (see the proof of theorem -2.2.7. )} is tight when the graph

contains a coclique of size ( —nAn(A))/(k - An(A)). In that case,

ocxc AIZ 0 ok

Al o, L ENOS S : | :
12 22

A;Z has constant row and column sums, viz. -An(A) (corqllary 2.6.4.).

Hence every vertex mnot in the coclique is adjacent to *An(A) vertices

of the coclique. . _

.1f the considered graph is strongly régulaf (with n,k,X,u), then we

can constrﬁct a 2—((-nAﬁ(A))/(k"ln(A)); —An(Aj, u ) design as follows:

~ the points are the vertices of the coclique; v =(—nln(A))/(k-An(A));

- let x be a vertex not in the coclique, Then all the vertices:of'the
coclique adjacent to x define a block. With what is stated above we
see th;t éach block contains -An(A) points. Furthermore, we can

easily see that each pair of distinct points occurs in u blocks.
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2) In theorem 2.5.3. we see that if equality holds, then

(r| - x)(kl -~ y) =t = ).(see the proof of the theorem).
Hence,
A (B) = X (8), AZ(B) = AZ(A), 13(3) = AH“I(A), A (B) = AL (),
and this means that the interlacing is tight,
3) Consider a block design with a block that occurs s times(see corollary
2.5.4.). If b = vs, then equality holds in theorem 2.5.3. and with 2)
and corollary 2,6.4. we find that the column sums of N, are constant, viz.
k %E% . We claim- that the points of the repeated block and the blocks of

the original block design, the repeated block excluded, constitute a

2-(k,k %E%,A—s) design, for: the number of points is k;
each block has k %;% points (viz. the row sums of NZ); a pair of

distinct points occurs in A - s blocks.

The next and final paragraph of this chapter is an axample of interlacing

in projective geometry.

Consider the projective plane of order n, denoted by PG(2,n).

A polarity n of PG(2,n) is a permutation of order 2 of the points and

iii}) p ¢ 1e=1" « p , for all points p and lines 1.

Points p of PG(2,n) with p « p1T are called absolute points: We denote

their number with a. Lines 1 in PG(Z2,n) with 1" ¢ 1 are called

abgolute lines. Tt is easy to see that their number equals a.

2.7. Absolute points in PG(Z,n).
lines of PG{2,n) such that:
. T, . . )
i} p is a line for every point P,
ii) 1" is a point for every line 1,
2.7.

. Theorem. a2 1!, and if n 18 not a square, them a = n + 1.

Proof. We can write the incidence matrix of PG(2Z,n) as follows:

m m
AN At 2
P
N =
Py
n +n+l

N is symmetric, for: Pi € Pj¢=$ P"l € Pi



2.7.2,

2.7.3.
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"Therefore N2 = NNT = nl + J. This leads to the following eigenvalues

for N:

n+ 1, of multiplicity 1; ni , of multiplicity a} —(n)% » of multiplicity
B, o and B being intepers with o + g = n2 + n.-Then

a=trace(M) =n+ 1V + ( a— B)n£2 0 (nz 1. _

If a = 0, then ni is an integer and n£| (n + 1). But this is not pos-
sible, Hence a 2 I,

If n is not a square, then'né is not an integer and thereforea = 3 .
This yields a = n + 1,

(1

Lemma. A nonabsclute line has an even number of nonabsolute points,

Proof.

Consider a nonabsclute line 1 and let % be a nonabsolute point on 1.

1 ¢ 1, % ¢x and x¢ 1. Hence "e %' and x" meets 1 in a point y # x.

¥ is also nonabsolute, because: y €1 and y ¢ iﬁ, and therefore xé yTT

and 1" ¢ ¢ » and this yields y¢ yﬁ(y is nonabsolute) and y" meets 1 in x.
This way, the set of the nonabsolute poinfs-on 11is partiﬁioued in pairs.

Hence 1 has an even number of nonabsolute points.

Theorem., Assume that n is odd,

Then a 2 n + 1, and if a = n + 1, then the set of the ahsolure

points is an oval in PG(2,n).

Proof. Consider an absolute point x (a 2. 1). n + | .distinct lines meet

) . . - T
in x and exactly one of these is absolute, viz. x (if x«¢ ;T, y absolute,

1t m m . .
then y ¢ x and thus X,y ¢x and x,y ¢y . This yields x = y). In other
words, n nonabsolute lines meet in x., Each of these nonabsolute lines

contains n + T {an even number) of points, and an even number of these

points is monabsolute (lemma 2.7.2.). In 6ther words, on each nonabsolute
~line through x there is;.xfexcludedi an odd number of absolute points, so

‘at least one. Hemce a2 n '+ 1 (x is absolute).

LA R

e~




2.7.4.

2.7.5.

Theorem. Assume that n = m",
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If a =n + 1, then then the above yields that a nonabsolute line has
at most 2 absolute points. An absolute line has exactly one absolute
point. Hence, the set of the absolute points is an oval.

M
Thecrem. Assume that n is even.

Then a> n + 1, and if a = n + 1 , then the absolute points

lie on a line.

Proofl. Consider a nonabsolute point x (if this is not- possible, then
there is nothing to prove).

n + 1 lines meet in x, and on each line there is an odd number of points
(viz. n + 1). An absolute line contains exactly one absolute point.

A nonabsolute line contains an even number of nonabsolute points,
hence an odd number of absolute points, so &t least one.

This means that every line through x has at least one absolute point.
X is nonabsolute; hence a= n + 1.

If a =n +.1, then the above yields that a line, that has a nonabso-
lute point, has exactly cne absolute peint. But this means that the
line through 2 absolute points only has absolute points.

Hence, the n + | absolute points lie on a line.

f
2

Then a< m3 + 1, and if a = m3 + 1, then the absolute
points and ‘the nonabsolute lines constitute a

2—(m3+l, m+l, 1) design (a unital)}.

Proof. Consider the incidence matrix of PG(2,n) as in theorem

2.7.1., partitioned as follows: N
axa 12

T
N2 Nyo

N:

Ia ‘a being the (sub=)incidence matrix of the absolute points and

lines. The average row sum matrix of N is:

1 m

mza 2 mza
4_5——'- m 4] —————

m+m +l-a m +m +]-a
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The eigenvalues of N are m2+1 (multiplicity 1), m (multiplicity a),

-m (multiplicity B) (see 2.7.1.).

4 2 . mz + 1 + (@~ B)m = a.
. 4 2 X
Because a < m +m +l, we find 8 > 0.
Hence, A (N) = m2+] . A (N) = -m.
1 4 2
m +m +1
We can easily see that the eigenvalues of B are

5 2
A](B) =m +] , 12(3) =1 -
m +m +1-a

Corollary 2.4.4, says that the eigenvalues of B interlace those of N,

This yields

It
—
1

AZ(B) T s X (N) = -m,
m +m +l-a m +m +1

This leads to a< n9+1.

- 3 -
If a = m"+1, then AI(B) ?\l(N) and AZ(B) =X, 5 (N).

m-+m +]

Hence, the interlacing is tight.

~ Therefore, the column sums of le are constant and equal to m+l,-
{corollary 2.6.4.). .

This means that a nonabsolute line has m+] absolute points. Further-
more, the line through 2 absolute points‘ié'nonabsolute.

Hence, the absolute points and teh nonabsolute lines constitute

a 2*(m3+1, m+l, 1) design.

(See also {18] p. 63-65)

L s ST S C T
L e T R S i TR RN Sk e

RSN - Ay

RPN < 5. T S

o S

ik ‘-!. s




- 40 -

Chapter 3.

Association schemes,

Introduction.

3.2,

Assoclation schemes first appeared in statistics. They were introduced
in combinatorial theory by Bose and Smimamoto as a generalization of
strongly regular graphs.

The theory of association schemes has proved to be useful in‘the
study of permutation groups and graphs. Ph. Delsarte applied
association schemes in coding theory and combinatorics,

This chapter contains an outline of part of the work of Delsarte.

We begin with the Bose-Mesner algebra of an association scheme in
section 3,2. together with some examples. The relations between its
two bases are described in section 3.3., as well as the important

P- and Q-polynomial schemes.

To motivate the study of association schemes we continue with three
applications. These are a theorem about generalized hexagons, an
association scheme in PG(2,4) and regular two-graphs as association
schemes. Section 3.7. uses the setting of A-modules. In 3.8. we intro-
duce the distribution matrix D(x,y). It leads directly to the Mac-
Williams transform and it provides the link to the linear programming
method.

Section 3.9, contains a proof of the code-clique theorem and its

dual concerning designs.

Two appendices are added in which theorems, used in this chapter
about minimal idempotents and the A-module, are proved.

General references for this chapter are {81, [15].

Bose-Mesner algebra.

Consider the regular hexagon. On its six vertices three graphs can

be defined as stated in the pictures

@ XX ]

II I1T
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Their adjacency matrices are respectively 010000
001000 ;
I 5 _ p2 4 _ o3 . |000C100 1
A] P+ P, A2 =P +P , AB = P where P = 0060010 ]
00000 1
100000 d
Since the three graphs together form a complete grébh we have - 'f
A] + A2 + A3 =J-1 .é
Relations between the Ai for i = 1,2,3 are ,g
2 _ 2 L2 4
Al = 21 f A2 s A2 = 21 + A2 ’ A3 = I %

A]Az = Al + 2A3 , A]A3 = A2 s A2A3 = Al

LT LR

This expresses that the vector space <I, A], Az, A3>R is an algebra

fe

over R,

RCRES.

This example can be generalized in the following way:

Definition. An association scheme :

o, {1, T ¥ hH

1"!. s :
consists of a set @ together with a partition of the H
set of 2-element subsets of X into s relations

Tisens PS,‘satisfying_the following conditions:

(1) For each w ¢ 9, the number v; of q ¢ X with

{w,q) « Fi depends only on i;
(ii) For each pair w, w' with {0, w'} e T, the number:

na Y ' .

»aij'Of qecX wlth {w,q} ¢ Pi andl{@',q} Ie Fj

depends only on i,j and k.

In other words, if we take the complete graph of X, we colour all edges
with the"colours" Fi’ for i = 1,2,... s. Then the first condition
asserts that each graph'l"i is regular; the second, that the number .
of triangles with given colouring on a piven base depends only on the

colouring and not on the base points, -
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k . .
The aij are called the intersection numbers.

It is clear that the following relations hold

1) Z v, =n since all vertices have some relation to .
i=0
5 K
2) a,. = v, for each k, since the vertices that have
i:o 1] ]

relation Fi to w' have alsc some relation to w

We now translate the defining conditions above in terms of the
¢0,1) adjacency matrices Ai of the colours Pi. Since the graph on

2 1is complete, we have

Al + A2 + ... . As

[}
-
L}
H

Condition (i)} translates into
AT = v.J.
i i

By analysis of the matrix product it is seen that conditiom (ii)

translates into S

Ai i 13Ak

k.—.
These formulae jmply that the R-vector space

A =<I-= A, v o o ., A2

Ags Bps s R

is an algebra with respect to matrix multiplication. This so called
Bose-Mesner algebra of the association scheme is commutative. This
follows from 3) and

5
T T
AiAj = o 1JAk . g 1JAk ( z a Ak) (AiAj) = AJAl Ain.

3.2.2. Example. An association scheme with two colours (s = 2) consists

of a strongly regular graph I' and its complement., The numbers k, X, u

are defined by: -'- o -

In terms of the adjacency matrices A of T and B of the complement of T

this reads 2

Al =k , A =%kI+ XA +pB , J-T1=A+ B,
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3.2.3. Example. In a distance regular graph any pair of vertices x, y

3.

3.

2.4,

2.5.

with distance k has a constant number of vertices z such that
dist(x,z) = 1 and dist(y,z) = j. This number a:j does not depend
on the choice of x and y. The adjacency matrix A of the relation

Fi (distance i in the graph) is a polynom1a1 in A of degree i ,

1
for i = 1,...,s. The relations I, A I constitute an

association scheme.

The regular hexagon provides an example of a distance regular graph
and 2 A - £A3
2 T 1

‘Example. A permutation group G on a finite set g is called gene-

- A

rously transitive if
' - g
%,Beﬁagecta_. B s B = al
The orbits on 92 of such a group constitute an association scheme.

For instance, the symmetriec group S4 on four symbols contains the

subgroup

{0, (1,2)(3,4), (1,35(2,4), (1,4)(2,3)} ,

called the Klein-group. This group is generously transitive on g :=°

{1, 2, 3, 4}, The orbits in 92 are,

PO Fl . F2 P3
S, (1,2) G, (0,8
(2,2) (2,1} . 3,1 (4,1)
(3,3 - (3.4) (2,4) (2,3)

(6,4) (4,3) (4,2) (3,2)

Example, The Hamming scheme H(v,2) is defined as follows.

The set @ consists of the vectors of the vector space F;. Two .

vectors are in the relation Ri wheneuer_thgir Hamming distance, the
number of coordinates in which they differ, equals i. This defines

an association scheme with the parameters

[(“1_3&)) (5(1+J—k)) , if i+j+k is even
y if i+j+k is odd.

Indeed, let w and w' have Hamming distance k. Without loss of

. LT L S

SR -

i, W e b e e e s

TR T S
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generality we can take w = (0, 0,.., 0) and (' = (1, ... 1,0, ... Q)
k k
v-.

The number of wvectors to be counted are those that have distance

‘i to wand j to w'. So x contains i ones. Let a be the number of

ones at the first k coordinates of x and b the number of ones at

the last w-k codrdinates.

w'=¢, . ... ... ,0 ... L0000
x =1, ,..1,0,.0,1,..1,0.,.0)
a k-a b v-k-b

Now it is clear that dist{(w',x) = k~a+b = j and a+b = 1i.

So a = J(k+i-j) and b = J(i+j-k).

:)(v;k) - (g(-il:yk))'(;(z:?—k))

if i+j+k is even, and 0 otherwise,

The number of possible x is (

3.2,6. Example. The Johnson scheme J(v,k) is defined as follows. The set

$! consists 6f the k-subsets of a v-set. Two k-subsets are in the
relation Fi whenever their intersection has k ~ i elements. This

defines an association scheme with the parameters

A _ (ki ,vk
n= (), v, = (i)( i ) .

J{v,k) may be viewed as the set of all words of weight k in H(v,2).
In this terminology the notion of a t—(v,k,}) design may be defined
as following. A subset X ¢ J{v,k) is a t—~(v,k,}) design over the
v-set if for each z ¢ J(v,t) the number of blocks x ¢ X having

distance k-t to z is a constant, independent of z, called A.

Bases for the Bose~Mesner algebra.

The Bose-Mesner algebra of an association scheme

1* © 7 " TR

consists of commuting, hence simultaneously diagonalizable symmetric

matrices.
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Therefore 4 also has a basis of s+! orthogonal minimal idempotents

(see appendix):

3.3.1. Example., For s = 2, for a strongly regular graph with

spec{A) = (k‘, rf, s®) we have the idempotents

E = lg_ : » of rank 1 ,
0 n

El - (A - sI + ks I) , of rank f , E
-5 n i
k-1 : 3

E2 = ;_; (rI - A+ = I , of rank g .
!
. 43

By definition, the atgebra A is closed with respect to matrix multi-
plication. Since the A. are (0,1) matrices, the algebra 4 is also
closed with respect to Schur multiplication, that is, the entryw1se - 4

multiplication of matrices

AoB=C with e¢,, = a..,b,..
ij ij 1]
Hence
E.E, = &, E. . A, oA, =
1] ij i i 3 13 i
E: ., = b
A5 EalJAk ’ i°F kzo i "

The coéfficients bk are nonnegat1ve, since E o B, is a principle
Smeatrzx of E @ Ej , the Kronecker product, hence p031t1ve semi—
definite. S1nca the - elgenvalues of E, 8 E] are the numbers A(E 3. A(E }
with X(E ) and A(E, ) elgenvalues of E and E, respectively, and

A(E ) oe {0 i}, SlnCe E2 Ei “An’ exp11c1te eipression for b?. is
0bta1ned by use of . ' ‘

Xrentries Mo N = trace MNT ;

#

B VI k -
z entr].es(Ei o Ej o Ek) t?ace(Ei o EJ.)Ek = bij tra;e(Ek)‘,
. K

where M is the multiplicity of the eigenvalue | of E .
) . k

i
B
|

q

C®

A




3.3.2.

3.3.

3.

Proof. (AuP)i

T
Corollary. P" 4P =nd_ , % PPy = MY 8
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Expressing one basis into the other we defime the coefficients

Pij and qy; by s

S
= =L
A 7 izopikEi L E i A -

By multiplication the formulae

1
AE; =By B o A Traghy -
are obtained. We define the diagonal matrices

A
v

A
u

dlag(vk) ,  for the valencies v, = p_

diag(ui) . for the multiplicities u; = q

ol
. !
viz. u, = trace(Ei) = trace(Ei o I) = trace(;rqoil) 94°

The character table P := [pik]’ and its inverse @ (from PQ = nl = QP},

satisfy the following theorem .

Theorem. A =P = QT-A
et trrer————r— u v

= u;pyy = oy, tr(E) = tr(AkE.)s } entries(E, o A) =

=—L = qp s Z entr1es(Ak) (Q A ) .

v k ki’

z=0

If p . is a polynomial in P, of degree i, for 1 = l,..,s then the

corollary implies that the P constitute a family of polynomials,

orthogonal with respect to the weight function - This corresponds
to a P-polynomial association scheme.

Observing that
AiAj = z alek ? AE, ® Pal,

imply s .
pzipzj =kzoaijpzk

We give the following equivalent definitions for an association

scheme (02, <I, Fl’ Fz, .. .Fs>) to be P—polynomial:
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3.3.4, (i) P,; is a polynomial in P of degree i, for 1 = 1,...,5 }
(i1} a%+: #0 fori=1,...,5-1 and
H

aij # 0 only if |i - Jls k= i+ ]

i
0
W

{(iii) ri is the (distance i) relation in the graph (Q,F]) for
i=1,2....,s.
s
3.3.5. Corollary. QT Av Q= n,Au s ZZOVZqqu21 = nukdkl

f 9,4 is a polynomial in 9,1 of degree i, then the corollary implies
that the a4 constitute a family of polynomials, orthogonal with
respect to the weight function v, This corresponds to a Q-polynomial

association scheme.

Observing that 5

E, o E, = ):b'f.E , E, 0A =-Lq A, 7
i j k&g 13k 1 z n 'zl z
imply- s
= bk
9i%;5 = Lo Pis %k
We give the following equivalent definitions for an association A

scheme (g, {I, Ty> Tosere- rs}) to be Q-polynomial:

3.3.6. (i) q;

is a polynomial in 9,4 of degree i, for 1 =1,...,s;
(i) by} #0 for i = 1;,...,5-1 and
L : °
'bgj 0 onlyif |i-jj<ksi+j.

For Q-polynomial schemes no combinatorial interpretation is known
‘which_would be the analogue of the condition (iii) above.
The preceding is illustrated in a few examples. More details and
further examples may be foundin the references.
3.3.7. Exémgle. The Hamming schemé H(v,2) has
Y

vi Ty = Q)

It is both P~ and Q-polynomial, with the same family of orthogonal

polynomials; viz. the Krawtchouk polynomials.

25.3.8§'Examgie; The Johnson scheme'J(v,k) has

_ o keov=k oo v
Vi = (i)( i ) s 11]-_ = (i)"(i_])
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It is Q-polynomial with Hahn polynomials, and P-polynomial with
dual Hahn polynomials. The underlying group is the symmetric group

on v letters.

3.3.9. Example. Let % denote the set of the k—subspaces of the vector
space V(V,Fq). Two k-subspaces are in the relation Pi whenever
their intersection has dimension k=i, The resulting association scheme
is P- and Q-polynomial, with q~Hahn polynomials, under the group
GL(v,Fq). -

3.3.10.Example, Polynomial schemes are provided by the action of the sum-
plectic, the orthogonal, and the unitary group, respectively, on
the set of the maximal totally isotropic subspaces (of dimenmsion k,
say), two such subspaces being in the relation r, whenever their
intersection has dimension k-i.

3.3.11,Example. Polynomial schemes are provided by the 2m(2m—1)
ZXampie.

alternating bilinear forms on V(2m,F2), two forms being in the

relation Fi whenever their sum has rank 2i.

3.4, An inequality for generalized hexagons.

3.4.1. Definition. A generalized hexagon H of order (s,t) is an incidence

structure with points and lines, such that

(i) each line has s+l points,
(ii) each point is on t+l lines,
(iii) two distinct points are on at most one line,
(iv) for any non-incident point-line pair x,L there is a

unique path of length < 2, between x and L.

From the definition it is immediately clear that the only possible

situations fo a point x and a line L are:

[ ¥
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3.4.2. Theorem. The number of points v, of a generalized hexagon H of
order (s,t) equals

(s+1) (s2t24st+1) .

Proof. Take a line L with its s+]| points x, for i =1,....,5+).
Through each xi there are t lines
distinct from L, with each s points
different from X . The total number
of points at distance 1 to L there-

L s+1 fore is (s+1)st. Analogously we

/,— find st distinct points at distance
, 2 from L for any of the points at distance !. So there are (s+l)stst -
points at distance 2 to L. Due to property (iv) of the generalized
hexagons these are all distinet and we have now found all points.

Hence the total number 1is

(s+1) + (s+1)st + (s+1)s2t2 = (s+1)(52t2+st+1).

0

We define an association scheme on the points of H as follows. Two

points are in relation Ty for i = 0,1,2,3, if their distance equals

1. The adjacen;y matrix; of T, is Ai' By uze of the Qefinition of

H one can find the intersection numbers aij by straightforward.

counting, The amount of work in computing these numbers can be

reduced by use of the equalities
3 ak - 3

= v, ,

i i .=V = (s+1)(52t%+9t+1) .

v
=0 j=0.?

The aij can . be found in the following table which shows at once

that the asscciation scheme is distance regular.

k- ak ak ak ak ak ak
1 12 A22 13 _ 23 ' “33
QQ s(t+1)] O 32:(t+1) 0 - o. st2
i s st . st(s-1) 0 ‘ 52t2 1 sztz(s-l)
2 i s-1 . s(t2+c¥l) st stls=1)(t+1) . st(szt—st—s+t)
0 t+1 (s—;)(c+1)3 (s—l)(t+1) (t+])(szt*st—stt) t(svl)(szt—s+t)+r

(seé [201, p. 53)

5
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3.4,3, Theorem. For a generalized hexagon of order (s,t) the
following holds:

t < 53 Qr s = 1.

Proof. Let A := A2 - (s—l)A1 , then we find with the help of

Al + A2 + A3,+ I =J and AJ = kJ (k=s(t+1) (st—-s+1))

(A + (32-s+l)1)(A - (t+1) (s+t-1}I) = s(t+1){(st-s+1)J

So spec(A) = ([s(t+l)(st-s+l)]l, [—(52-s+l)]m, [(t+1) (s+t-1)1M).

m n

spec(A + (sz-s+1)1)= (Ca(t+i)(st-s+1) + (sz—s+1)]l, 07, A

where A = (t+1)(s+t=-1) + (sz—s+l).

But trace (A + (sz-s+l)1) = (52—s+l)v = k + n)

This yields 5 (82t2+st+1)

n=2:

(sz+st+t2)
and rank (A + (92-s+l)I) =1+ n.

Now take a line 1. and consider all points x for which dist(x,L) = I,
We divide these points in s+l

classes (each point on L coincides

with one class). Each clasg is

divided again in t blocks (the

lines) that consist of s points.

We define Bl to be the adjacency s |J-1

matrix of T, (distance 1), if 0

only the points in a class are

considered,

st 0
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Analogously Bz‘is the 1

adjacency matrix of Tys if 0

only the points in one class B. =

are considered.

So B, =1 & J -1
t s

= -1 .
: B, = J 83,

st ’ 2 st

. ) 2 2 ’
Define B := BZ (s l)B1 + (s s+I)ISt s Ist sIt 8 JS.

(CsZest=-s?1", 717, o

spec(B) Y.

trace(B)

st(sz—s+1) = gt + szm.

This yields m = st - t and rank{(B) = (st-t+l),

Al :=1 .,6B , rank(A') = (s+1)(st-t+1).

Since A' is a principle submatrix of A the following holds :

‘rank(A') £ rank(4A), o f”f

2 2
So (s+1)(st-t+1) < 1 + g (5t *st+id

s +st+t
which leads to tz(sz—l)(t—ss) < 0. o .D

: Remafk.'if we define thg'points as "lines" and the lines as "points'
we get an incidence $tructure that is again a generalized hekagbn,
of order (t,s), as can be simply verified. But this means that
3.4.3. holds in this case too, -

‘ 3
s st or t=1.

#
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3.5. An association scheme in PG(2,4).

(In this paragraph < , >r denotes the standard inner product in a

vectorspace over the fieid F).
Consider the projective plane PG(2,4). It has 2] points, which we
1

presealyye
Furthermore, each peint is on 5 lines and each line has 5 points.

denote by PiysecersPyy o and 21 lines, which we denote by 1

For i = 1,...,21 we define the vector li e V{21, GF(2)) by

- . ¢ i=1,..
(li)j 0 if pj li

.21,

1. is the characteristic vector of the line 1i.

Consider the code C generated by l],...., 121 over GF{(2).

C is a binary tinear code of length 21, We recall the following

definition:

3.5.1. Definition. Let X be a linear code of length n and dimension k over
the field F.
‘ i
The dual ¢ode X+ of X is defined as follows:

X" i= {y V@B | W o Ly = 010

It is easy to see that x! is a linear code of length

n and dimemsion n-k.

3.5,2, Theorem. The dimension of C is at most 11.

Proof, The extended code C of C consists of the vectors

c= (Cl"'°"c22)’ where ¢ = (c],....c2]) e C

and 22

) e, =0 (in GF(2)).
i=1]

Clearly, C is a linear code, and has the same dimension as C.

Also T is generated by Tl"""TZI .

and L
<li’lj>F2 =0, i,j = 1,2,...,21.
Let EIE C and EZ e C, Then, we can write
21 21
c, = T c, = .14 . . ilt.
= i£l ©ili 0 & jglch}J STUS TS
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Hence |
- - 21 21 o |
o Sy, = 1L ¢s0y< L Ly = 0
2 1=1 J:] 2

. This yields Cc (@@
Therefore, if k is the dimension of T, then k < 22-k

(C has length 22). Hence k < 11, and so

dim(C) = dim(C)< 11. 0

3.5.3. Lerma. Let X be a word of C of evern weight w(ﬁ). Then
w{x} = 0 mod 4.

T UL T < T -

2

Proof. We can easily see that a word of even weight of C is
generated by an even number of lines. Inother words, the words of

C of even weight are generated by

2Tty by =1+ 1

‘%

Because <Ei +b., b,

_ * b.> "= <b,, b.>_ + <h., b.>
-1 = -1 S R

7 R —1
we-.‘get- <Bys be>p = 0Omod & i, =1,2,...,10.

Now let d € C have even weight, Then we can write

20 .
d= diEi , di ¢ {0,1}, and therefore
- “l9 20 . |
. W(E) = «d, £>R —izl ‘_,didj <Bi’ Ej>R =0 mod 4. 7
= J—

3.5.4. Theorem. The dimension of C is at most 10.

Proof. A hyperoval H in PG{2,4) consists of'6u§oints, such that each

SRS line of PG(2,4) has”ﬁ;or 2 points of H. Let h be the characteristic

” - vector of H. Then h has weight 6, and with lemma 3.5.3. this yields
hdc. - , } ' '




Also <h, li>F =0 i=1,2,..,2t.
2
for |H n 1i| =0 or 2, and (‘_E_)22 = 0.
- - 21 _
Let ¢ € C then ¢ = Z c,l, and
= - i=1i

2
Hence he (C) and h{¢C (h ¢C). This yields

dim(C) < dim((C)*), and therefore

dim(C) = dim(C) < 10 {see alsoc theorem 3.5.2.)

a
3.5.5. Theorem. The dimension of C is 10 and C has the following
welight distribution
weight 0 5 8 9 12 13 16 21
words 1 21 210 280 280 210 21 ]

Proof. We prove this theorem by simply counting:

1) 0 e C, hence there is one word of weight 0,

2y a line in PG(2,4) is a word of weight 5 in €. Hence the number

of words of weight 5 = 21.

3) A pair of lines in PG(2,4) is a word of weight 8 in C. Hence the
number of words of weight 8 2 (2;) = 210.

4) A triple of lines in PG(2,4) that dom t go through the same point

is a word of weight 9:
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21°20-16
3]

show that for every triple there are 3 other (distinct) triples that

There are = 1120 of such triples in PG{2,4). We will now

lead to the codeword produced by that triple. Consider the triple above.

Select a point a, on 12 not on 1 13 (there are 3 possibilities) and

2 3’
let a, be the intersection point of the lines a U a, and 1,. Let

5 and let b2 be the third point on 12 that is not

op 1] or }3. Then the lines b] u b2 and 13 meet in a point b3 # a

that 1is not on 1] or 12. Then it is

¢,y 3= (b] u a3) nl

3
Call Cq the third point on 1

easy to see that cy = (c]

Now assume that the lines (al U a

3

u cz) n 13. |
y U a3), (b] u b2

U c3) meet in one point x. Then there are at least 6 distinct

U b3) and
(c] uc,
lines that meet in x, viz.

(a] U a, u a3), (b‘ v by U b3), (c1 u.c, u 63), {x ya), (xuB

and {x v C). '

But this is in contradiction with the fact that only 5 lines meet in x.
Hence (al u a

U ay), (by ub, uby and (¢, uc,u c;) form a triangle

2 2
in PG(2,4) that leads to the same codeword as the original triangle.
There are in total 4 triangles that lead to that word (there are

3 choices for 32); hence

# words of weight 9 > IliO = 280.
o : 21
S) (I,1,...,1) ¢ C for (1,...,1) = } 1
' i=1"

(each point is on 5 lines).

Therefore the cémplémént'of every codeirord is in thé code. This yields
a lower bound on the number of words of.weight 12, 13, 16 and 2i.

We see that [Cl-2 1024. Theorem 3.5.6. saﬁs that |C| < 1024.°

Hence |C] = 1024 and therefore, C has dimension 10 and weight distri-
bution as ahove. . - O '
Cdnsider-the code D that consists of the words in C of éveﬁ weight.
Clearly, D is a linear code and has diﬁension'Q (|D}] = 512).

Define the following relations on D:




3.5.6. Theorem. (D, {id, T
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{w, w'} € I, :&pthe Hamning distance d, (», w')e D between

w and w' is 16,
{w, w'} ¢ F = d (w, w') = 8.
{w, '} e Ty 14 (w, &) = 12

Without proof we state the following theorem:
1* Do FB}) is a 3-class Q-polynomial
assoclation scheme.

We will now determine the character table P. Let A], AZ’ A3 be the
(512 x 512)-matrices corresponding with FI, r2, Ty» respectively,
and AO 15]2.

With the relations AE. = p.,E. i =0,1,2,3 and AkEO = pOkEO

071 1071
k =0,1,2,3 it is easy to see that Pig = 1, i=0,1,2,3 and
vy = 280.

pOl = v] = 21, PG =v, = 210, p03 =

Furthermore we have the following relations:

3
- k .
() pzipzj -kZO aijpzk z,1,j = 0,1,2,3
3

() Aj A, = é aIJAk i,j = 0,1,2,3

. . k
To solve the equations of (x)}, we have to determine the ai.'s.

k

The combinatorial interpretation of the aij s (see 3.2.) 1s

&

Without loss of generality we can take u
Then:

n
L=

0 1
i} Clearly, a]l = v1 = 21, and a]l

find 2 vectors in V(21,GF(2)) of weight 16 and Hamming distance

= 0 for, it is not possible to
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2) Let w' have weight 8, X have weight 16 and assume that dh(g', x) = 16
then <w', x> = 4,
‘The complement of x is a line 1 in PG(2,4) and <u', 1> = 4.
w' is a pair of lines in PG(2,4), hence 1 is one of those lines,
and therefore there are 2 x's with the above properties. This
. 2
yields a7, = 2,

11
3 .. . . .
3 a, = 0 for it is not possible to find 2 vectors of weight 12

and 16, respectively, with Hamming distance 16.

4) 3?2 =0 {trivial).

5) 1t is easy to see that the following equality holds:

Vif12 T Vaqy
1 210-2
Hence a]2 = 77 20.

.. . . k
Similar techniques can be used to determine the other aij = a.,

With this and the equations (*), we find

1 21 210 280
p= | 1711 50 -0
I 5 2-38
1~3-6 8

(Note that Py = i(pil 21) (the scheme is P-polynomial)).

With PQ + nI we find that @ = P.
faY

Also, because Av =deag(p0k), y = dlag(qoi) we find

1 0 0

{021 0 0

8, 58,7 1o 0210 0
0 0 0 280

Hence the scheme is self-dual and P- and Q-polynomial.

Regular Two—graplis as Associatlion Schemes.

Let A and B denote symmetric (0,1) matrices such that

A+B=J=1 and A - B has only two distinct eigenvalues.

S L L B

PO SH

3
L
e‘&;
&
s
e
o
)
A
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Consider the 2n x 2n matrices

We claim that AO, Al’ AZ’ A3 determine a 3-class association scheme.

Before proving this, we consider the following examples:

3.6.1. Example. n = 4, and

Y e =
O -

Clearly, A+ B =J - I, Also (A - B)2 + 31 - 2(A - B) = 0, and
therefore (A - B + 3I)(A - B - I) = 0. Hence (A - B) has 2 eigenvalues
viz., -3 and +1.

Consider the 8 vertices of a cube in R3.

AI, AZ’ A, correspond to the relations

3

Fl’ F2, F3, respectively, where:

F]: two vertices are in relation F] iff they are connected by a - line.

Iyt two vertices are in relation Ty iff they are not connected by

Qe OF 3 === Line.

Iyt two vertices are in relation F3 iff they are connected by a=—=—«line.

3.6.2. Example. n =56, and - -
g 1 1 1 1 1
1 0 1 -1-1 1
1 1 0 1 -1 =1
A-B=t11 1 0 1
1 -1-1 1 0 1
1 1 -1 -1 1 0O

L .

Clearly, A+ B =J - I and (A - B)2 = 5I. Hence, A - B has eigenvalues

[ Az, A3 are similar to those
given in example 3.6.1,, but on a icosahedron instead of a cube.

¥S and -/5, The relations corresponding to A
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3.

3
01 ]3 25 3 :
determine a 3-class associatinn scheme.
.~ Proof. 33
1) Clearly, AO + A] + A2 + A3 = .

. = 59 =

We return to the general case stated above. Then
2 2
(A+B) = (J-1)"=(n-2)J+1I= (n-2)(A+B) + fn-1)1T (=)

Also A - B has two eigenvalues, say p and o.

Then (A - B - pI)(A - B - gI) = 0, and this yields

R e

(A - B)2 = (p + o){A - B) - pol. {*x)

g Ty

<
AT

It is easy to see that (A + B)2 and (A - B)Z have the same diagonal.
Therefore (%) and (*x) yield

i

n-1=-po. 3
With this we can write '%
A2 + B2 + AB + BA = —(pq+l)(A + B) — pol , and '5
A2 +VB2 - AB - BA = (p+g) (A - B) - pol . Q
Hence,
2 2 '
(x#) 2(A7 + B7) = =2pT ~ (1-p)(1-0)A - (1+p) (1+g)B
2(AB + BA) = = (1-p) (1-0)B + (1+p) (1+0)A

Now we can prove the following theorem:

Theorem. The matrices A A A, A, defined as above

2} We have to prove ! 3

k- . k .
= € 3 =
AiAj 'RZSHJAk s, for certain aij R, i,] 0,1,2,3.
For i =0 and 1 = 3 it is trivial. Furthermore
o f 2 2 . |
A2 - A2_= AT + B AB + BA and
1 2 2 2
AB + BA A" + B -
rAB+BA A2+Bz-
A A = )
2 3A2 + B2 AB '+ BA
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With (%**) we see that
A? = Ag = —pUAO - i(I-D)(I—U)Al - i(l+o)(]+c)A2 and
A]A2 = “pUA3 - Q(l-rp)(]—U)A2 ~i(l+p)(l+c)Al.
k k ..
Because aij = aji i,j,k = 0,1,2,3, we have proved the theorem.

]

We are interested in the charactertable P of the association scheme. Let
¥ and Vv be the multiplicities of the eigenvalues p and o of A - B.

(for u,v,p,0 the following holds:

W+ v =n- and trace(A~ B) =0 =pu + ov). Let x and y be eigenvectors

of A~ B for p and o , respectively. Then it is easy to see that

A =, a5 =0 LA (S =5, a(H =

0(-x ~X 1 "~x -X 2 =% S tex” 3 '-x -X

y Y
SAIHES

i
|
~

]
1]
]

y y Yy = g ¥ y Y
A (D) 9P s A = =D agh = =)

Hence this way we have found u + v = n simultaneous orthogonal

A, A_. Also because (A + BYi = (J - I)j =

eigenvectors of A, A 9v Ag

]’
= {n-1})3 we see that

b i j i j 3 Iy o (d
A = LA = @nd A = @G, At = .
0P =P A - @D, 4D = e L ad = d)
Hence j is also a simultaneous eigenvector of A., AI' Az, A3.
Let z be a vector with sz = 0, (we can choose n—-] of these vectors

that are orthogonal). Then

z, _ ,z z, _ _ .2 w2y _ _Z zZy _ 2y
QD =@ a0 == a0 -Gy, a5 = (B

We now have u+v+l+n-1 = 2n , simultaneous orthogonal eigenvectors

of AO’ AI, A2, A3 » and they determine the 4 simultaneous eigenspaces

of A, A, A_, A_.Then,

0 ! 2 3 1 n-1 n-I 1
1 -1 |
1 p  =po-1
1 g =o-1

Also A = diag(1,a-1,n-1,1) and b, = diag(l,n-1,u,v).
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The matrix A - B can be considered as the (-1,1) adjacency matrix

of a graph. Clearly, graphs that are switching equivalent with this

graph lead to the same association scheme, for the (-1,1) adjacency
matrices of graphs that are switching equivalent have the same eigenvalues

and multiplicities for further details see chapter 5.5.: "Two~graphs".

The A-module V. . : .

.. )
We now return to the theory of the association schemes. :

For the set & of cardinality n, let V denote the vector space of

dimension n which consists of all formal real combinations

ERTERR PRR-SES

X = Z x{w)w . x(w) € R.
weh

The space V is provided with the inner product

i
%
I
g

<x,¥> = ] x(w) y(w)

wef) .
Consider the basis { w | weQ} of V. Let %x(w) be the vector
representing x{w)s w.r.t. this basis. Then the matrices of the .Bose—

Mesner algebra 4 of an association scheme on 9 act on V following

x(w) = . I oxleh)
A
{m,m'}EFk

-and decompose V into the simultaneous eigenspaces'vi:

vV = VO L V] 1.0 L Vs ’ Akvi = pikvi.

Let‘ﬁi 'V +V denote the projection onto Vi, then it is easy to

see that ' 4

<Hiw, Him'> =<y, Him'> = Ei(m,m').

(Note that EO,..., Es are the projections on the s+] simultaneous

eigenspaces of AO"" AS).

"This leads to the following:
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1) R, 1= {Hiw | weR}: has Gram and coordinate matrix E,.
i

2) 2., 1= {Lw-8MNw | weR} has Grammatrix-
i1 1 i

(E. 0 E.) = [«<T.w, ﬂ.w'>2]h
i i i i

(we remind the reader that the 2-tensor a# b has the com-
ponents (3}9 E)ij = aibj’ and that two 2-tensors have inner
product

@8 b, cf d>= <a,c> @, )

3 a,.

= {I,w #Mw# T.w | weR} has Grammatrix
iii i i i

3
— 1
(Ei o Ei o Ei) = [<Him, Him >~ 1.

The orthogonal projection Qi of the orthonormal frame § is spherical.

Indead, take k¥ = 0 in the equation

O = .
nE; 0 A= Qghy
Then we get
nEi() I= quI.
Honee
<Him’ Him> = qoi/n , we @ , and therefore 2, is a subset
of a sphere.

In addition inL10] it is shown that Qs is a spherical 2-design in v,

and that it is a spherical 3-design iff b;i =0,

equivalently

YE. oE, o E, = 0.
1 1 1

(Let X be a subset of the unit sphere in Rd. X is a spherical t-design

if for 1 €k £t the sum of the values of any homogeneous harmonic

polynomial of depree k over the points of X is zZero.)

' 2 =
For {w, w'}e T, the equation nEi o Ak qkiAk reads

k
< <)y N = q a
1 1 n kl

This is the addition formula in Vi, in particular in the Q-polynomial

case when the q.; 2re polynomials in 94 of degree 1i.

The vectorspace V provides a setting for the subsets of the set .
For instance,
X={wlgr-"’wm}c Q={wl)'-",mn]!

m , On—m) .

i1s represented by thevector x = 1 V. The cardinality of X,

of the intersection X nY of two subsets, and the average valency a
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of Fk restricted to X are expressed by

X1

I
"
v

]
]
o

I
A
]
Al
v

a = _=— Ak— for k = O0,1,...,s. !

¥ )

For any x, y € V, we define the distribution matrix D(x,y)

to be either side of the following equality:

X N AN 5

s Ak s E
3.7.1. Theorem. kzdfﬁ, Aky>_*__= E <X, Eiz>

i 1
o i=0 Y
_ s kT Vi 1
Proof. With A = ) p E. , 4P = QTAV and PQ = nI,

we see that:

§ex me M- 1

i s o At

= i=03=0
k vk .
5 5 8§ s E B
= 3} ) }<x, E.ys E, ity = } <%,E.y> ny -
1=0j=0k=0 = m = o i
1
] g

Putting x = y we obtain the inner distribution

s
Dix,x) = ] X A -

k=0 i
Vk 1

. 4
<% Elﬁ?nE L

0

o~

The transition of the coefficients

1 : 1
—_— X X t — -
7 <X» A X> o _U.<§) E. x>
k ‘ i
1

is well~known as the Mac Williams transform. It's significance stems

from the nonnegativity of the inmner product «<x, E.Xs. Lo
— 1— . -

e

Multiplication of D(x,x) by Ei vields

3 . ,
<X, X> kgoaqui = n<x, Ex 2 0. js

With a = {(a_,a

O !a)!a

17 s

I
re
=
el
2]
Q
=
2]
(23
~
1]
e
=
=8

Tt

T

Q320,320,|X| i +a +....+;'11

provide a setting for application of the linear programming method. [157.

(For more -details on the A-module, see appendix 3,2)
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Cliques and codes.

Let R = {1,2,...,r} < {1,2,...,8}. For an association scheme

(a, {FO, Togeceny FS}) we define:

X ¢ @ is an R-clique if its elements have only relations T with
k¢ R, that is, if <x, Ak3> =0 for r <k < s.

Y ¢ R is an R-code if its elements have no relations Ty with ke R,

that is if <y, Ak1> =0 for 1 <k ¢ r.

. Thevorem. For an R-clique X and an R-code Y we have

X

1Y] < |a
If equality holds:, then [X n Y| = I.

Proof. n|X|-]¥] =n <X, E?.<X’ x> =

n Z<§} Akf? <y, Akl>/vk = n <D(x,x)y, y> =
k

2 2

2 2 - : : =
n J<x, Eix> <y, Eiys/u; 2 0" qx, Egx> <y, Egy> = <X, J>iey, J>7 S

[X|21Y|2 , hence

i . s
(note that <x, E.2> > 0 and Egz = w=<z, j> for all 2z).

?

If equality holds, then |X|{¥| = n , and we see above that

s
Z<§) Eif? <Y, Eiz? / By T <X, E0§> <Y, EOX>

1=0
s
Hence ‘Z<§J E.x> <, Eiz? = 0.
1=]
This yields
%5=OorE#=0, for i = 1,2,..., 8

and therefore

<§,%1>=<Eg,E#; =0 for i =1,2,... s.

s
Then (note that ZEi = 1)
i=0
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L y>
i=0 .
_ . _ _ 1 _
= <X, <y, 1> > S <X, 3> <y, i3> == |X|-]Y| = 1. 0 i
Dually, X ¢ @ is an R-design if <X, EiE> =0 , forie R, that is %

if Ei§ = 0. for i ¢ R, that is,

e, S

if 0 , for 1 ¢ R.

O i 4T

s
Z aq,. =
k=0 k ki

3.8.2. Example. In J(v,k)an R-design translates into a r—-{v,k,X) design.

3.8.3. Theorem. |X[:|Y] = [@] , for an R~design X andan (S\R)-design Y. i
" Proof. |X]2-|Y|2 = n2<x E.x» <y, E y> = n2 E <x, E.x> <y, E.y>f p ;
= n Z <X, Akxy <y, Aky>/v Z n<x, x> <y, y> = n]X <Yy, .ﬁ
(50 oves the asseseion. A
whi proves the assartion. G
{J

The vectors x, ¥ ¢ Rl are called design-orthogonal if
<X, Egx> <y, E.y> =0 for i=1,2,..., s, | ﬁ:
If so then «<x, E.y>=0 fori=1,..., s (see the proof of theorem B

3.8.1.) Hence

I . :
D(x,y) = <x, Byy> nBy =—<x, j> <y, j> J.

.Therefore , for k = 0, !,..., s we have

1 . 1 . .
o X Ay> = ) Tik<x, Eiy> = <x, Egy> =—<x, j> <y, j> =
. iso% |

v
i

—<E’A

= <x, y> and this proves
0

oL
3.8.4. Theorem. If x'and y are design-orthogonal, then

D(x,y) = <x, y> J
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Appendix 3.1. Minimal idempotents.

A.3.1.1. Definition. Let F denote a commutative field. An algebra over F
| is a set 4 on which an addition, multiplication and
scalar multiplication is defined, such that
(i) A is a ring with unit element e.
(ii) A is a vectorspace over F of finite dimension.
(iii) (aa)b = a(3b) = x(ab) , l.a = a , for all

a,b ¢4, % « F (1 is the unit element of F}.

In this paragraph we will alse assume that the ring multiplication

is commutative and that

32=0=,}>a=0 for all a ¢ 4 .,

For a more general treatment of the theory of associative algebras
see [257, Ch. V.

A.3.1.2. Examples.
1) A=C, F=R.
2) In the theory of the cyclic codes, the algebra
A = F[x1/{x"-1) , with F = GF(g), (g,n) = 1.

3) The Bose-Mesner algebra of an association scheme.

We will now investigate the structure of an algebra 4.

First we recall the following definition:

A.3.1.3. Definition. An idealB of A is a subring of A, such that ab c R
for all a ¢ A and b € B,
An ideal B # {0} of 4 is called minimal if for all
ideals B' of 4 with B' ¢ B the following holds:

B = {0} or B' =B
(0 is the unit element of the additive group of 4).

A.3.1.4. Theorem. An ideal # of 4 is a subspace of 4.

Proof. Clearly, a + b ¢ [} for all a,b ¢ B, Also, if ¢ F and
b ¢ B, then Ab = A(eb) = (Ae)b ¢ B.
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A.3.1.5, Theorem. Let M, and M, denote distinct minimal ideals of 4.

AJ,

t.

6.

1 2 mmat, ; .
Then MM, = {0} (MM, := { imil)mgl) gmfl) ey > m§1)em?})

Proof. Clearly, MlMé is an ideal of 4 and MlMéc (Ml n Mb).

Also (M n M) <M and (M n M) ¢ M.
(for Ml # ra andﬂ41,p12 are minimal).
Hence '

4' b
MM, © M] and MM, # M,

Because

M, is minimal, this yields,MlMé = {0}.

[
Theorem. Let MO’ Ml""" ME denote distinct minimal ideals of /4 .
Then the ideal M := Mb + M] Yty is a direct sum.

Proof. If O my+ ... +m form ¢ Mi; is= Of...,s, then

with theorem A.3.1.5. we see that

0=0m = m? for all 1 = 0,...,s.
i i :

Therefore m, = 0 for all i = 0,..., 3.

¢ Mz M e e . M. )
Hence M= M @M] 9 &M | d

Theorem A.3.1.6. implies that there is only a finite number of
minimal ideals in:4 (note that / has finite dimension).

Let MO, Misenens Ms denote the minimal ddeals of 4 Then:

. Theorem. If M =M, @M, §: . .. 9M_, then i = 4.

Proof. Select an m, € Mi\{Ol for all i = 0,1,....,s and let

m = 4 + m, + o .t m_ . o
We define the linear mapping - ¢m T AN by
¢m(a) t=ma , for all a ¢ 3

Assume that 4 # M. _ . _
Then ¥ :={a ¢ A_| ¢m(a) = 0}#{0) Because § is an ideal of 4

(this is easy to sed), we can find a minimal ideal M. of 4 such that

. e 20T . ., )
M, < ¥. But then 0= ¢ﬁ(mi) = m, and therefore m, = 0. This is impossible

hence A = M,

b

e T T S o it B Bttt

N b
F
i
3
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Soe A= Mb 9'M1 [ & A and we can write

e = e, + e ... e » e, e M i=20,1,...,s.

A.3.1.8. Theorem. (i) The ei‘s are idempotents (ei = ey, i= 0,1,...,8)
and are called the minimal idempotents of g;

Also eiej =0 1f i # 3.

(ii) If a ¢ A, then a = a, + a + .. .4+ ag
where a; = ae; (i +0,1,...,8).

(iii) Mi is a field with unit element e, (i =0,1,...,8).

(iv) Let B be an ideal of 4. Then 3 is tke sum of a number
of Mi's and B contains a unique idempotent that generates
the ideal B. Also every idempotent of 4 is the sum of

a number of ei's.

Proof. Evident, with preceding theorems. |

A.3.1.9. Theorem. The dimension of Mi equals i, for all i = 0,1,...,s ,
iff for all a ¢ 4 : 4 1is the sum of the eigenspaces
of the linear mapping ¢, A > A
defined by

¢a(x) = ax , forall x ¢« 4 .

Proof.
1) &= Let i ¢ {0,1,...,s} and moe M.
Clearly an eigenspace of ¢m. is an ideal of 4. If
€ys-+-s€ are the eigenspac%s °f¢m. for the eigenvalues Apseeeshps

s-aad A = 61@ s B €, > then t

cl G v B Et = MO

With theorem A.3.1.8 (iv) we see that there must be a gj such

& Ml B oo @ Mg+

that M, c E..
1 ]

Now m., = me =m.e. =¢ {e,) = X.,e..
i i ii m, i ji
Hence M has dimension 1 fér all i= 0,1,...,s.

2) =» Let a e A. Thus a = Aoeo oot e and therefore
NO,...,MS are the eigenspaces of ¢a. Hence 4 is the sum of the
eigenspaces of the mapping ¢a.

0
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We now return to the association scheme case, so let 4 be the
Bose-Mesner algebra of an association scheme.

Consider again the linear mapping $,° A+ A defined by

¢A(X) 1= AX O, for all X ¢ A (A c ).

Then the mapping ¢ : 4 - ¢,:= {6, | A c A} defined by

p(A) := ¢, » for all A« 4, is an algebra isomorphism.

Therefore, A and ¢A fA e A) have the same minimal polynomial
(wo is the minimal polynomial of A if wo 0, wO(A) =0,
wo is monic, and if ¢ # O and Y(A) = 0, then degree(y) = degree(wé)).

Without proof we state the following theorem:

],...,AP be distinct reals.
Then:
M is diagonalizable with distinct eigenvalues

l],...., Ap iff the minimal polynomial of M is

’ p
wO(X) :=i£](x—ki).

A is symmetric for all A ¢ A, and therefore diagonalizable.

Thien theorem A.3.1.10. and the fact that A and ¢A have the same mini-

‘matl polyhomial yield:

-is diagonalizable for all A ¢ A, and therefore A is the sum of the

eigenspaces of.¢A, for all A € A. Therefore, with theorem A.3.1.9.

‘we see that the minimal ideals of A have dimension 1. Hence the minimal

idempotents of A constitute a basis of A (theorem A.3.1.8.(ii)).

3.2. The A-module.

Let 4 be a commutative algebra over F, as described in appendix 3.1.
with minimal ideals M_, Ml""" Mg and minimal idempotents
egs € rceres €3 ?i [ Mi'

’ i=0,1,...y8.
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Definition. A vectorspace V over F of finite dimension is called
' A-module if there exists a mapping ¢:4xV V, ¢(a,v) = av,
such that for all a],.?z e A , Ve Vand A € F the
following holds:

() (a]+a2)v=av+av

1 2
(2) (alaz)v = a](azv)
(3) ev=yvw
{(4) a(v1 + v2) = av, * av,

(5) a(dv) = (Aa)v = A(av).

Properties (4) and (5) imply that the mapping fa e ]’ ay
veV

iz a linear mapping of V into V (ac4). The properties (1), (2}, (5)
say that the mapping a =+ fa (ac4) 1is a homomorphism of algebras of

A into the algebra consisting of all linear maps of V into V.

Examples.

(1) A is a A-module.

(2) Every ideal of 4 is a A-module.

(3) The standard A-module V of an association scheme as described in

paragraph 3.7, is a A-module.

Theorem. LetV be a A-module and define Vi (@ eiV for all 1 = 0,...,s.

Then

V= V0 8 V]@ ceee @ Vs.

‘Proof.

= = = ve *
(1) Let v ¢ V. Then v = ev (eo + ... 4 es)v egv * eV

and
e.v €V, i=10,1,...,s.
i 15 1y *

(2) Assume that 0 = vy + v, + .... + v for certain v ¢ V..
i
Let i ¢ {0,),...,3}. Then v, = e, w for a certain weV,
2 i i
Hence, e.v, = e.w = e.w = Vv, and
i i i i

ev, =e,ew=0.w=0 for j # i.
11 j1

Therefore, for all i = 0,t,...,s

= O o= e, + ... = eV, T v,.
0 e,. 0 el(v0 + v, + vs) elvl vy

Hence vV=yvy 8V &, .. 8V .
0 1 s
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If dim Mi = 1 for a certain i ¢ {0,1,...,s}, tl'nan_\l:.L is an eigenspace

of fa for all a ¢ A, because if a € 4 and v, € Vi’ then
f (v.) = av., = ae.v, = Av. s A e Fu é
a 1 1 1 1 1

Now consider the association scheme case with the standard A-module f
V described in paragraph 3.7.. In appendix 3.]. we have seen that all

the Mi's have dimension 1, and therefore we see that Vgseeers v, are

the simultaneous eigenspaces of the matrices of the Bose-Mesner algebra

" ""tf—f‘“‘ o

4 of the association scheme. If PR dim(Vi) i=0,1,..., s, we see

that M, o= dim(Vi) = dim(EiV) = ?ank(Ei) =‘trace(Ei) = trace(EiOI)=

1
trace@; quI) 9

MO S

i




s
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Chapter 4.

Pseudo-cyclic Association Schemes.

Ceneral references are 03] ,0223,0247,0257,

A theorem.

Let (q, {id, F], ..... . F; ) denote an s-class association scheme

on n = |Q| points, with valencies v +» v, and multiplicities

0’ v] -
Hgs +ees Ko and intersection numbers a?. (i,j,k = 0, ..., s} and

character table P = [pik] (see chapter 3).

. Definition. The association scheme (2, {id, Tis =oees FS}) is

called pseudo-cyelic if p, = u, = ... = ug-

In chapter 3 we have seen that a strongly regular graph is a 2-class

association scheme. For example, the pentagon graph P(5) is strongly

regular with parameters n = 5, k = 2, A =0, y = | and spectrum
1 2 2
( 2 » i("]" "5) H i("]'"/s) )-
Therefore P(5) is a pseudo-cyclic association scheme, for up =u, = 2.
Note also that vy TV, = 2.

Moreover, all conference graphs are pseudo-cyclic 2-class associa-
tion schemes with v, = Yy, since the parameters of a conference
graph P(q) are (q = pr, p prime and q = 1 mod 4)

n=q,k=3{g-1D ,x=4qg=5 ,u=1q-=-1

The spectrum of P(q) is

(i - 01, (vt et v vy @y,

Therefore ¥ & = (g -1 =¥, and v, = k=4(@g-1 =n-1-k-=v,.
The fact that a certain association scheme has all valencies equal
does not always imply that it is pseudo-cyclic. For example

the triangular graph T(7) has parameters

14 6
n=21, k=10,% =5,y =4 and spectrum ( 101, -2) 7, 3 .
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Hence, v, = v, = 10 and Wy o= 14 # My = 6.

Theorem. The association scheme (Q,{ id, F],...., Fs}) is
pseudo-cyclic if and only if there exists an integer

t such that

1) VTV, T L= o=t
s .
1
2) a,, =t-1 for all 3 = 1,2,..., s
izo 1] 3

Proof. First, consider the following: we know that

B | .. _
1 .p . = . - = -
(n P,iPs; kzoalJpzk (i,j,z = 0,1,...,8.)

Also 1f @ = [qij] , then PQ = QP = nI, and this vields

s s
(2) kzopiquj = kZO Pri%sk = néijl (i,j = 0,1,..., 8)
Furthermore, LR T L T 1 (because pkoEk = AE

0k

and 9, = 1 (because (I/n)qkoAk = E0 o Ak = (l/n)Ak) for all
k= 0, lI,..., s.
With (Z)Sthis yields

s
= = i = 2,00,
(3) kgovk n and kgopik 0 for i = 1,2, .5
s ! 5
(4 Z Hp=n and. kzoqjk = Q for j =1,2,...,s

(see cgzgter .

If we maltiply (1) with q., and take the sum-over i and z,

thep we get: o

8 s s L
|
. Q. = a.. P
iZOzzo P2iP2} %z iZO zZO kzo ij7 2k
With (2) this yields ' '
: s s 8 X
Z n pzj = Z Z n aki aij , and therefore
s z?g . 1=0 k=0 ‘
5 .= } a,.  for all j =0,1,...,s.
> zZO k2 iéo R ! ’ ’
Au P =qQ Av (see chapter 3) yields uzpzi = vjqu ,.or
P, q.
2z z
V'J = uJ 3,z = 0,1, s 5
i z

= Ek‘)

[SRVL RIS G AR
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If we substitute this in (5), we obtain

s 932 ] 8§ i .
(6) } . e ¥ a;j , for all j = 0,1,...,5.
z=0 Mz 1 i=0

Now we can prove the theorem.

(i) => 1f @, {id, T senes rs}) is pseudo-cyclic, then
Uy © i, Hy =M B ,,,. = Mg =t , for a certain integer t.
With (6) we see that

8 . 8 q- 8
TR '{rlz = v (1 rp L35,
i=0 J z=0 2 J z=]

If j = 1,2,...,8 then (3) yields ¥ 9, = --qjo = ~]

and therefore

8 i 1 t =1 .
(7) -I_ aij = vj(l t) vj = s J o= 1,2,...,8.
i=0
This yields t | vj and therefore ¢t g vj for j = 1,2,...,s.
Also
1 3 3 1 %
st + = . = v, = + V..
Lvg= 1Y LY
Hence J=0 j=0 j=1
vy =V, T .=V = t
If we substitute this in (7) we obtain
s i .
z a,.=t-1, for all j= 1,2,...,s.
. 1]
i=0
(ii) €= Assume that v =V, T . =V, =t
s i .
and I aij =t -1 for j = 1,2,...,8.

i=0
For a certain integer t. Then (5) yields

5 T al 1 ] 1,2 )
(8) ¥ Pyj = ‘z ;= t - (3 = 1,2,...,8
=0 1=0 _.
Consider 1 v, v2 e e e vB 'T

U SVIR ST IR S F

(1, t, t, cvaey £ P = (1, £, t, ...y t) i Pyy Ppy + =+ = Pog

* s e & & o« LI R

a s+ & a4 s & 8 s =

1 Pgi Pgg * * * ¢ P

L .
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This equals n {1,0,0,...,0) for:

1 + st = Z v, =m a3n and
i=0
vi tzzlpzj = vt t(t-l—vj) =0 ((8)).

Q is the unique matrix such that QP = nI. Hence

(1,t,t,....,t) is the first row of Q. The first row of Q is also

(uo,....,us). Hence

It

2
Remark. For T(7) : | 11 and ) a;Z = 7.
=0 . i=0
For P{q) : E ar = % a%z = }{g~3).
20 1 1=0 1

Pseudo-cyclic association schemes with 3 classes, on 28 vertices.

In this section we discuss a method to construct a 3—class_association'
scheme out of an existing cne, Then we apply this methoed to the

so called Mathon-scheme. Finally, it is pointed out that this
pseudo-cyclic association scheme; together with Hollman's scheme,

the one formed out. of the Mathon-scheme by the mentioned construction,

are the only pseudo~cyclic 3-class association schemes on 28 vertices.

.. A Constructiocn.

Consider a 3-class association scheme (X, {I = FO’ Fl, F2, F3))
with a subset Y, consisting of four points-a, b, ¢, d, such that
(i) For all x ¢ Y = {a,b,c,d} the relations (x,a), (x,b), (x,c)

and (x,d) are distinct:

I'q /\ T
3, 3

l ‘1\

(ii) All x ¢ X\Y have only two different relations to the points

of Y, say fi and'I'j and each relation appears exactly twice,

T i o

S WAL, PR

i

* ‘-Sm‘:';-‘_ﬁs’t v Sl - *
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For instance (x,a),{x,b) ¢ Pi and (x,0),(x,d) ¢« T.,
x is said to be of type {i,j}.
From (X,T) a new association scheme (X,A), with the same intersection

numbers can be constructed as following.

(i) For (x,y) ¢ (Y X Y) u (X\Y x X\Y) we define.
(x,y) ¢ Aiéz:) (x,y) e T..

(ii) For (x,y) ¢ (X\Y) x Y and x of type {i,j} we define
(x,y) « Ai@ (x,y) € I‘j.
These definitions provide a new association scheme.

Proof. We will show that for {(x,y) e Ak

IAi(x) n Aj(y)l = a:j, wherg Ai(x) 1= {z ] (x,g) € Ai}

Furthermore A;(x) 1= Ai(x) ny and A;*(x) 1= Ai(x)\Y.
The proof is divided into three cases.

Case I. Let x € Y and y ¢ Y.
vt * * % *k
Then |Ai(x) n Aj(y)l = |Ai(x)‘ n ﬁj(y)l +|.3i (x) n Aj (N}

= IrjG) a T ]+l o r;*(y>i -

. * * LT *% -

= IFj(x) n T,y +Irj (x) o I (p]
S

= le(x) n Pi(y)| = .dji aij'

Remark (+) can easily be seen by the inspection of.

1
! \T //l
N4
3 )0 s

l/rl\l
Cagse 2, Let x € X\Y and y € X\Y.
* * *k *k
. . n a, =
Then ‘Ai(x) n Aj(y)[ ]Ai(x) n AJ(y)I + |ﬂ1 (x) 3 ()|

* * Jk * %
|ri(:_:) n Fj(y)| + |16 n s (y)]=

k
|Pi(x) n Fj(y)l = aij'

i}
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Case 3. Let x ¢ X\Y and .y ¢ Y.
Without loss of penmerality we can assume that y = a. Let {k,1}
be the type of x and assume i ¢ {k,1}. #

Define

{z ¢ Ti(x) | {z} x ¥ n Fj} # o 4
{z e V| (z,2) ¢ Fj}. i

1 the foliowing holds ‘ )
J
1

A (x) nopa(a) =W and |W| = [V] - a...
i ] 1}

Since VnY=¢ (i¢ {k,1}) and (x,a) ¢ T

n

Now define 5 {(z,u) « Fi(x) * Y | z ¢ Pj(u) } o, N:=]|si.

If (x,u) ¢ Fl then the number of z ¢ S is !

If (x,u) ¢ Tk then the number of 2 ¢ § is a?j' : . ' . #

) . {.E

&

This gives us N = 2&?. + Zak.. }
1} 1]

If z ¢ V then two ¥ ¢ Y satisfy (z,y) ¢ Fj.

So N o= 2-|v].
. . 1 k e
This gives us 2a,, + 2a,, = 2+«|V| = 2+|W| + 2a.,.
ij i ij
or W] = |a.(x) n A, ()] = ak
; i B R ij’

The case i ¢ {k,1} is proved analogously.

The scheme of Mathomn.

If a group G has a generously trausitive action on a set £, i.e.
E . 8 = i :
bG,SEQEJgEG[a =B, 8 al then the orbits of G on 1'% Q,

that is the sets {(ag,Bg)i g € G} , form an association scheme (see 3.2.4.).
Now let O be a hyperoval in P = PG(2,8). The ?3 1ines of P are

divided in (lg) = 45 secants and 28 passants.lﬁonsider the group of

linear transformations on V = (Fg); GI(S,S). Tﬁe subgroup of GL(3,8)

that maps the hyperoval on-itself.

g
i

g

PRI T
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acts generously transitive on g, the set of passants. The so constructed
scheme has been described first by Mathon. Hollmsn has shown that we

can construct another association scheme out of Mathon's scheme with

the method described at the beginning of this sectlon.

More precisely,if we take the hyperoval

R {(1,0,0),(0,1,0),(5,52,1>.|ges?(a)} ,
then | o
Y = {=,0,,0,,0.}
where w = (I,u3 a3)l s 0, = (l,us.as)l
0, = ababt 0, = (1,1,1)*
satisfies the conditions (1) and (ii) of 4.2.1. ‘(g is primitive

in GF(8) with a°> = a+1),

Note that the four passants meet in one point viz. (0,1,1).

Pseudo—cyclic 3-class association schemes.

In pseudo-cyclic association schemes all non-trivial multiplicities

are the same. For a 3~class scheme that means

0 = ’ = l: - = N
o] 3t+1 and p, =, My =t
This is equivalent to
k
vl =V, = Vg = t and E aik t-1.

To find the intersection numbers the following lemmas are needed !

Lemma. f o k
lk

k=0

Proof 1. Since the Bose-Mesner algebra of ari association scheme

Z a11 tJ - o for all i,j,l,m.

is commutative and associative:

50 .
(aiAj)AloAm = ( E a‘;jAk)AloAm = ( i a?jAkAl)OAm
= Iaf,(%agaon
= Ek E agjail(ASOA )
= ( i a?jazl)Am
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m

t
and anal 1 A (A, = (L .a .
a nalogously J(ALAI)OAm ( v allatJ)Am

r.
Proof 2. Take p and q such that (p,q) « Fm, p . s
and count the number of squares pqrs with
{q,1) « Ty (r,s) € Iy and (s,p} ¢ T'.. T rs
The aumber of s is ) a?j. 1f (q,s) ¢ T
- T

there are a;l r's with (s,r) ¢ Te- 1 Ty
So the total number of different squares is aTjazl.

t
The number of r is 7%, ay, . If (p,q) € I', then the number of s
kk 1k k

with (s,r) ¢ T, is a,..
i ij

So the number of squares is also Toan ak.,
K 1k 13
3
. m t m k
That gives us al.a.. = ) avar.. U
t=g b3 il k=0 ik7ij
Corollary. aj. e al for all 1,t > O .
- 1i ji '
Proof. Take m = 0 in 4.2.2. With agi = t the result follows. n
Corollary. z al = t-1, if j » 0,
— i Kk .
Z s . j _ .k
Proof. Take 1k 1 k j1n 4.2.3. then akk ajk'
-1 = I a, = .
S0 t-I1 ; aJk i akk . Y
s s
Lemma. gzoajk = vj_ s k=_laik = vi-l, for all 1 and j.

Proof. Count the peints that have rélation j to a fixed point.

Theorem. The intersection matrices are

t-r-s5~1 s T ‘ s r E-r-s

Im'
s —
—
et
I
w
3]
r
I
r
|
, 0
L
:M
it
|
=
T
A
"
|
/]
i
4]
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1 1
P . H He -
roof Let s 312 and T a|3
From 4.2.5. we know a;, = t-r-s-1.
Since[al i tri : = d -
ij] s symmetric 8, = s and a, = r.
With 4.2.4,
a] + al + a] = t=] = t-r-s5-} + ! + !
11 7 %22 7 833 s 822 7 333
I o
So 2y, f 334 = T+s (*)
. | ] "
With 4,2,5. §+ 8y, + a4, =t (&)
] 1 .
T +ay,t 844 = t ‘ (Fenx)
. 1 1
(%), (#x); (*x*) lead to 3?2 =T, a7 and
a23 = a32 = t-r-s,

. 2 3 | ,
The matrices [aij] and [aij] can be found from Elij] with
4.2.3., 6.2.4. and 4.2.5.
{1

Theorem. For r and s and t holds

I+2(r+s)-3(r-s)2 = {1+3(r+s)-2t)2.

Proof. Application of lemma 4.2.2. in the case 1 = i = 2, j = |

gives s P
J ol o )Gk Gk
=0 22%1 T ymp12%12
So

r(t-r-s~-1}+(t-r-s8-1)s+sr = 52+r2+(th‘8)2 or

1+2(r+s)-3(r-8)° = {l+3(r+s—2t)2.
Equation 4.2.7. has integer sblutions r, s, t iff
2 2 . .
L™ + 2TM" = 4V has integer solutionms.
Here L = 6t=2-9(r+s) , M = r-s , V = 3t+1,

In the schemes on 28 vertices we have the unique solution
V=28, L=+, M= +2 or without loss of generality

r=4, 8=2,t=09.
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Thus the intersection matrices in our case are uniquely determined

1 224 5 2 T3
a..|=124 3 a.. =14 a,.l=
e 432 3 H

The schemes of Mathon and Hollman are the only pseudo=gyclic

viz.

[N S g
£~ N W

4 23
224
342

3~class association schemes on 28 vertices. This is partly the
result from the uniqueness of the intersection numbers. Hollmann has

shown that the two association schemes are the only ones with thesc

intersection numbers by detailed examination of substructures of the

scheme.

Pseudo-cyclic Association schemes from PSL(2,4), gq = 2™,

Let V(2,9), q = Zm, denote the vectorspace of dimension 2, over the

Galois field Fq. The projective special linear group PSL(2,q) is the

group of the permutations of the projective points of PC(l,q) (these
are the lines through the origin of V(2,q)) induced by the linear
maps of V(2,q) into V(2,q) with determinant !.

We recall the following definitions and lemmas from group theory.

t

. Definitions. Let G denote a transformation group of a set A.

G is called k—transirive on A if for all

xi, XZ’ PR xk, yl, y2, ey yk e A,

Xi # Xj ,_Yi ?“ yj ? isJ = ]92;----1k: i # js
there is a g ¢ G such that

g(xi)_= ¥ , for all- i = 1,2,....,k.

If this g is unique, then G is called sharply k-transitive

on A,

If % ey X € A, then the stabilizer

1’ T
G of X, ,...., %x_1s defined as
x],...,xm 1 m

Gx % " {geG] g(xi)'= X; s i=1,2,...,m}.
oty _

(Clearly, G : is a subgroup of G).
. x],...,xi_n

ot R

T Y
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4.3.2. Lemma. Let G be a finite group of permutations on a set A,

T an orbit of G, a ¢ T and G, the stabilizer of a. Then
6} = [6,]-1T| -

4.3.3. Lemma. Let G be a permutation group on a set A, a ¢ A. Then
- G is k=transitive on A iff G is transitive on A and
Ga is (k-1)~transitive on A\{a}.

4.3.4. Theorem. PSL{2,q) is sharply 3-transitive on the points of PG(1,q).

i

Proof. Let G := PSL(2,q) and let Q be the get of the points of PG{(l,q).
1) Consider two elements x,y of Q\{{1,0)», <{0,1)5}
Then x = <{a,1)>, v = <(b,1)>, a,b ¢ Fq\{O}.

Consider the matrix

. aﬂibi 0 ‘
A= T B
0 aib t
Clearly, A€ G and

<(1,0)»,<(0,1)>
<(a,1)A» = <(aibi, aib"i)> = <(b,1)>.

Heace, is transitive on ﬁ\@;0,1)>,<(l,0)>}

G<(1,0)>,<(0,1)>

Moreover, G<(]’0)> is transitive on g\ {<(1,0)>} for,

if ai 0
B ;= ai a"* then B ¢ G<(l,0)> and

<(1,0)B> = <€ai, a-;)> = <(a,1)>, for all a ¢ Fq\{O}.
With lemma 4.3.3. we see that G is 2-transitive

'((‘ 10)>
on YN\ {(1,0)>}.

2) 1f 0 1

then C ¢ ¢ and «(1,0)C> = <(0,1)> , and therefore, G is
transitive on ¢. Then with 2) and lemma 4.3.3. we see that G

is 3-transitive on §.
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3) It is easy to see that the matrices of G that fix <(1,0)> and

a 0
a ¢ F \{0}.
LA e

a 0
Also <(1,1) L) I]> = <(a,a_])> = <(a2;l)> = <(1,1)> iff a =1

<{0,1)> are of the form

a

(for a° = lma = 1 in Foaa= 2.
Hence, the only matrix of G that fixes <(1,0)>, <(0,1)> and <(1,1)>
1s I2x2'

Now let xl’ x2’ X3 € V(2,q) , y]l y29 Y3 € V(Z)q) ’

then there are A € G and B € G such that

)

<X A> = <y]B> é(l,0)> , '<x2A>_= <yzB> = <{(0,1)>

<x3A> <y3B>

#
H

<(1,1)> {Because G is 3-transitive on Q).

Hence, <xiAB_1> =<y i=1,2,3.
if <xiD> =;<yi>, i=1,2,3, then A_]DB fixes <(0,1)> , <(1,0)»
-1 -1 .
and <(1,1)> and therfore A DB =1 or D = AB . Hence, G is sharply

3~transitive on §.

g

We want to use PSL(2,q) to define a pseudo ~cyclic association scheme.

To do this, we consider another permutation group that is isomorphic
with PSL(2,q).

Let V{(3,q) , q = 2" » denote the 3-dimensional vectorspace over F

]

. q
and let Q be’ the guadratic form Q(x) = xg+x Xy 5 X = (xn,x],xz) e V(3,q).

%Yhe bilinear form corresponding to Q is

(x,y) = Qx+y) - Q(x) - Q(y) = X[ Y9™Xy¥ | T XY, ¥ Ky X,y ¢ V(3,q)
Clearly, R := <(1,0,0)> is the radical of ( » } (in other words
((1,0,0),y) = 0 for all ¥ ¢ V(3,0)). Also, the g+l projective points
<% of PG(2,q) with Q(x) = 0 constitute an oval C in PG (2,q) and the
projective lines through R are the tangents'of c (hence; R is the

nucleus of C ),

SRR

i

3

1
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The projective orthogonal group P0(3,qj is the group of the permutatioms

of PG(2,q) induced by the linear transformations A of V(3,q) with
Q(x) = Q(xA), for all x ¢ V(3,q) <(hence, if A ¢ PO(3,q), then
(x,y) = (xA, yA) holds for all x,y ¢ V(3,q)).

Let N := {<x> ¢ PG(2,q) | Q(x) ¢ 0}\{R}, T the set of the tangents
of C, § the set of the secants of C and F the set of the passants
of C,

Clearly, <(1,0,0)4> = <(1,0,0)> for all A ¢ PO(3,q)

(((1,0,0)A,¥) = ((1,0,0),58 ) = 0 for all y ¢ V(3,q)) ,

and therefore {R} is an orbit of P0(3,q) on the points of PG(2,q).
We shall see that PO(3,q) has 3.orbits on the points of PG(2,q),
viz. {R}, C and N, and PO(3,q) has 3 orbits on the lines of PG(2,q)
viz, T, S and F. But first, consider the following:

Let A € PO(3,q). Then A is a nonsingular 3 x 3 matrix such that
Q(x) = 0(xA) for all x ¢ V(3,q). Because

<(1,0,0)A> = <(1,0,0)> , A is of the form

aO 0 0
A= a, b]l b12 . Q(x) = Q(xA) yields
a; by by,
2 2 2 2,
Xot ¥ Xy 7 “oxo+(a by by p)x (az+b21 223’x by baatby by )X %,

for all x € v(3,q}.
Hence,

a =1,a =(b. b))% a =(b, b}

0 1 11712 21bgp)"s  det(b,.) = 1.

Apparently, the matrices of PO(3,q) are of the form
1 0 0

a. =:(b_ b. )i i = 1,2 » det(bij) =
1 11 12 LA 1 {17127}

Then, with the map ¢ : PO(3,q) > PSL(2,q) ,

[ 1 0 0 . b

¢ ( a, by. by } = . . ,
a, b2] b22 21 22
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it is clear that the groups PO( 3,q) and PSL{2,q) are isbmorphic.
Furthermore, the permutation representation of P0O(3,q) on C is iso-
morphic with the permutation representation of PSL(2,q) on PG(l,q),

for:

if 1 : C »PG(l,q) 1is the map H(<(x0,xl,x2)>) 1= <(x],x2)>,
then <(x0,x],x2)?AH= <(x0,x],x2)>ﬂ¢(A).

With theorem 4,3.4. this yields %

4.3.5. Theorem. PO(3,q) is sharply 3-transitive on the points of C, and 5
therefore also on the lines of T (for, é T ¢ T is of the é

form R + <x>, <x> € C). %

¥y

4.3.6. Theorem., The action of PO(3,q) on.the points of PG(2,q) has Tg
3 orbits, viz. {R}, C and WN. _ :_ﬁ

Proof. 1) We have seen above that {R} is an orbit.

2} Clearly; C is an orbit, for <xA> ¢ C for all x € C,
A PO(3,9) (0 =Qx) = Q(xA)) and PO(3,q) is tramsitive on C
(4.3.5.).
3) If <x> ¢« N and A ¢ PO(3,q) , then <xA> ¢ N
(QxA) = Q(x) # 0, and R 1is an orbit). To prove that P0{(3,q)
is transitive on N, it is suffiéient to show that P0(3,q) is
transitive on N n T , for a T e.T , because each point of ¥
is on a line of T and PO(3,q) is transitiﬁe on T (4.3.5.).
So let Te T, <x>, <y> ¢ N nT. Let <a> := T nC
and select <d> ¢ C , <d> # <a>. '

Define  <b> iz (<d>+<x>) n C and <c> := (<d>+<y>) n C .
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Because P0(3,q) is 3-transitive on C, there is a A ¢ P0O(3,q) such that
<a>A =<a>, <d>A = <d>, <b>A = <c> 3 note that A is linear.
Then,
<x>A = ({R+ <a») n {<b> + <d>))A = (R + <a>) N (<b>A + <d>A)
= (R + <a>) n (<c> + <d>) = <y> . ‘
Hence P0(3;q) is transitive on N, and therefore ¥ is an orbit.

Because PG{2,q) = {R} v C u N, we have‘proved the theorem. al

Theorem. The action of PO(3,q) on the lines ofAPG(Z,q) has 3 orbits,

"viz. T, § and E. Also, P0O(3,q) is generously transitive on
the lines of F.

Proof. 1) Because C is an orbit of PO(3,q) on the points of PG(2,q),

it is easy to see that T is an orbit of PO(3,q) on the lines of PG(2,q).
2) § is also an orbit, for C is an orbit of PO(3,q) on the points

of PG(2,q) and PO(3,q) is 2-tramsitive on C.

3) Because N is an orbit of P0(3,q) on the points of ?G(Z,q), and
because the lines of E only have points of ¥, it is clear that EA € F,
for all E€E .and A ¢ PO(3,q). -

For all Za5 ¢ N, we define the linear map Aa 1 V(3,q9) + V(3,q)

by x,a 3
an 1= x + Sa?;§ a , for all x ¢ V(3,q).

Then A € PO(3,q), for

) xA) {x,a)
Q(m\)==Q(x+i—'—5xa )=Q(x)+7’——Q()+-—7—5(xa)=Q(X),
a Q(a (a) :
for all x € V(3,q).

Also, because an =x if (x,a) = 0, Aa fixes all the points of the
tangent R + <a> (note that (R,a}) = (a,a) = 0. Note alsc that Aa + 1),

Moreover,_Aa has order 2 for

2 X,a - ) (anE (xfai
an (x + Sa?;% a)Aa x * e a+ (s a
for all x < V(3,q).
Let <a> € N, <b> € (<a> + R) n X, Then b=a+ 3(1,0,0) and

all x € V(3,q)
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Hence, if <a» = <b> , then AaAb = I, and if <a> # <b> , then

A, = AA = A, where c=a-+ %‘321,0,0) = 272 (Q(b)a+Q(a)h),

<> ¢ (<a»> + R) o W.
With this we see that for every T ¢ T the set
B(T) = {I} v {A, | <a> T u N}

R

is an elementary Abelian subgroup of P0(3,q) of order g =2

B bl T

Also, the elements of H(T) fix all the points of T.

Now, let El and E2 be distinet lines of E. Then El and E2 meet in a

P

point <a> € N, Let T := <a> + R {then T ¢ T).
Clearly, if Ab € H(T)\§I} and <b> # <a> , then Ab cannot fix EI

(otherwise Ab = 1), Therefore, H(T)E] = {I’Aa}'
(H(T»E is the H(T)—stabiiizer of E]). Then, with lemma 4.3.2. we
1 ‘ :

o

4
see that the H(T)-orbit that contains E1 has length 'g
D] g 4
H(T E | 2 ;

Hence the H(T) orbit that contains E] consists of the q/2 lines of
E  through <a> (note that H(T) fixes <as). Therefore, there is an
A ¢ R(T) < PO(3,q) sucﬁ that E,
EZA = Ei' Hence P0O{3,q) is generously transitive on £ and E is the
third (and last) orbit of PO(3,q) on the limes of PG(2,q).

0

= ElA-g aﬁd because A has order 2,

2
sy
ﬁ

Now, consider the following:

Let Tgs r13;g:.; T, deﬂdte the orbits of the?action of PO(3,q)

on F x F, where T is the orbit {(EA, EA) | A ¢ PO(3,q}} ,

for a certain E ¢ F. Clearly,-ro = {((E,E} { E e E}, for PO(3,q)

iz transitive on I. '

Because PC(3,q) 1s generously transitive on E, (E,{ro, Tyserers Fs})
is an association scheme (this we have seen in chapter 3. Note also

that Ty = id.).

4,3‘8._Theorem. The association scheme (&, {id, Tioreres rs})

"is pseudo-cyclic,
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Proof. We will show that VIV T e m v = .q+l and

s
I ar, = q , forall j=1,....,n,
is1 1)

for the valencies and intersection numbers of the association scheme
(this is equivalent with the fact that the assoc¢iation scheme is ‘
pseudo-cyclic (theorem 4.1.2.}).

1) Let El, Ez ¢ 7 and assume that (E], EZ)E T. (ieg {1yenvs8P.

1
Then, L
nen P0(3.9),, |
v, = 1 for:
P0G g |

],
let A := {E€ E | (E],E) € ri}. It is clear that v, = |A].

But A is algo the P0(3,q)E orbit that contains EZ'
i o

|PO(3,q) E]|

v. = |A] =
i [PO(3,q) | .
e

Because P0(3,q) is sharply 3-transitive on the g+l points of the oval
C, it is easy to see that P0(3,q) has order (q+l)q{q-1).
Also lemma 4.3.2. and the fact that PO(3,q) is transitive on F

P0(3 ) = 2 _ - q+l - _
[P0(3;Lfi—| = |E| = q"+q+1-g+1~(2") = fq(q-1).
1

Hence, |PO(3,q); | = (q+1)q(qa=1)/iq(q-1) = 2(q+1).
]

yield

Let <a> := E, 0 E,. Then <a> ¢ ¥ and the transitivity of PO(3,q)

on N yields
|P0(3,q)| (g+i)q(q~1)

' ‘ = =" 7. .

|P0(3,Q)<a>| '“TﬁT’“‘ q-1 = q
If T =R + <a> , then H(T) is a subgroup of P0(3,q)<a> and we
have seen that |[H(T)| = q (see the proof of theorem 4.3.7.).
But then, H(T) = PO(3,q)<a>, and therefore,

PO(3, = (PO(3, = H(T) = H(T)_ = { I, A} .
( q)El,Ez (po( CI) 9 ( El 9E2 El a

Hence, JP0(3,Q)E |

v, = | = 2(q+1) /2 = q+1 for all i = 1,2,...,s.

<a>)EI,E

|PO(3,q) |
E,»E,
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2) Let } ¢ {1,2,....,5}. Because agj = 0, we have to show that

Select a E ¢ E. Clearly, the number of pajrs (E', E") ¢ E x E such

1 - 1
that (E,E") ¢ Fi , (E,E") ¢ 1, and (B 3E") € Fj is viajk , and

k
k - i _ k _
also i (i,j,k = 1,....,8). Thus ajk = ai.i (becguse v, = vk),
for all i,j,k = 1,....,s, and in particular, aij = aii (i, = 1,...,8).
Hence, s i ] 3
E T
Let 1’ Ez, E3 e F E] # E2 , EI ¥# E3 , E2 # E3 and
E] n E2 = E2 n E3 = El q E3 = <a> . (<a> e N).
All the relations (except the identity) betwwenlE}, EZ’ E3 are different,

for: _
. if (EI’EZ) € Fi and (El’ES) €Ty for a certain 1i.e {!,...,s},
then there exists an A ¢ PO(3,q) such that E]A = E‘ and E2A = 83,
and thus,
<ash = (E] n EZ)A = E; nE, = <a>. But then,
A e (P0(3’q)<a>)E =.H(T) : = {71, Aa} , whe;e T=R + <a> ,
and this is not possible for EzAa = E2 #.E3.”So, the relations

SR . e SR N

E

mugt be different. Now, consider 2 lines of E| say El and E2 that are

in relation Fj7 We have seen above that a line E3 € E\{E!’EZ} s
that has relation ri with Ei and E2 (i€ {l,...,8)}) cannot go -

through;€a> :=fEl n'EZ. S0, E, = <b> + <c», <b» € E

3 1’
<b> # <a> # <c>. For the same reason a line .
" with E and E2 (k = 1,...,8),

cannot meet EB in <bs» or <¢»>, {otherwise two relations between

“Le> € E2 »
. _ . i T
.Ea.eE\ {EI’EZ’EB} that has relation

3’

E!, E Ea “or 'Ez, E3, EA would be the same, and that is impossible).
Then it is easy to see that B

s 5 ‘
i : i _ .

* = < =

(*) iélaij i=1aii £q , for allj | -

Let E ¢ F. Then the number of pairs (E',E") ¢ £ x F, E' # E",
E#E'" , E#E", such that re}ation(E,E') = relation(E,E"),

equals
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+

i=1
Because VBV, =V o= q+1, this yields

8
But this is also ¥ vi(vi-l).

8 s _

.z T z a,, = ng. ;

j=1  i=) 1] . .
) With («) this yields z aiﬁ-- q for all = l,....,8.
39 fa . . . : . N D
3 4.3,9. Remark. If we extend P0(3,q} with the field isomorphism

A+ 2" () e F) that has order m, then we obtaih a group, called
Pr0(3,q) of order m(q+1)q(g-1) that also fixes the oval C.
. 2 2,2 22 2 2
(if Ry+x, +X, = 0 then (xo) X X, = (xo+xlx2) =.0).
Furthermore, the orbits of P30(3,q) on § x F are unions of orbits
of P0(3,q) onE x £ This way we obtain a new/association scheme, For

example, if ¢ = 2° = 16, then we get a 3-class association scheme on

120 points with valencies v, = 17, v, = 2:17 = 34 | vy = 68 and
intersection numbers
a;j 12 3 agj T a‘Z’j 12 3
1 0 8 8 i & 1 12 1. 2 6 9
8 2 24 2 1 12 20 6 10 18
3 0 24 236 3 12 20 36 3 9 18 40

With these parameters, it is easy to see that if we take the first

and second class together we obtain a 2-class association scheme on

120 points or in other words, a strongly regular graph on 120 vertices.
If q = 2P , p prime, then the association scheme obtained with the orbits

of P£0(3,q) on F x F' is pseudo-cyclic with valencies {(q+1)p.

Appendix 4.1, The action of PSL(2,q) on PG(2,q), g = 2",

Let q := 2"

. In paragraph 4.3. we have seen that PSL(2,q) is isomorphic
with PO(3,q), and that the action of PO(3,q) on the lines of PG(2,q)
has 3 orbits. Hence, PS5L(2,q)} induces an action on PG(2,q), that has

3 orbits on the lines of PG(2,q). Another proof of this fact is as
follows:

Let V := V(2,q) and let S be the space of all symmetric linear maps

A : V>V, that is (with respect to any orthonormal basis) the space




.-.91_

a b
of all symmetric matrices [ a,b,c ¢ F
(2) b ¢ q
(In fact, S = Sym " (V), the space of all symmetric 2-tensors
over V). Obviously, dim(S) = 3.
For any symmetric 2-tensors ¢ and ¥, with matrices ¢ and ¥ with

respect to an orthonormal basis {el,gz} of V, the trace inner product

2
1= Z b, ¥, .
@ o= Lo

is independent of the orthonormal basis {E]’Ez} , énd serves as an
inner product for S. Special elements of S are the projections.
For any a ¢ V\{0} the projections onto the subspace <a> is the
2-tensor a & E s that is the symmetric idempotent linear map

having <a> as its image, that is the symmetric matrix

e e i A P AT e e T e

a2 a a %

] 192 i 3

i a2 for a = (a],az). _._;

172 2 P

A.4.1.1. Lemma. 1If a, b, ¢ o V are pairwise independent, then ]
a®a,bé@#b,c®c are independent.

Proof. Without loss of generality we can take ¢ = ®a + 8b , aB # 0, 4
Then, ! . ' kK
gc=0’(a8a)+Bip OB +aBabb+b b a),

jo

-S5ince a and b are independent vectors, the 3 summands on the right

hand side are independent symmetric 2-tensors. :

So, é'E‘E s b &8b and c éc are also in&epéndent @8 #0).

‘ 0
A.4.1.2. Lemma. If a, b eV are independent,then_D 1= [? é]
(D eB8) , aBa,b &b are independent.
Proof. Same as lemma A.4.1.1. In fact, for any independent .

a, b ev, the 2-tensor a #b + b @ a is a multiple of D.

The map ¢ : V + § defined by e A @
acv (¢(a) := a € a) ,

induces a map of the g+l points of PG(],Fq) onto the gq+1 points of
an oval in PG(,2,F ). This follows from lemma A.4.1.1.. From lemma

A.4.1.2, we infer that the nucleus of this oval is the projective
point <p>, '
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PSL(2,q) induces an action on PG(2,q). Indeed,foroc ¢ PSL(2,q)

define o by linear extension of

\/aev (0(a 8 8) :=0(a) & o(a)]

Under this action, the nucleus <D> is fixed and the oval is fixed

setwise.

Lemma. PSL(Z,Q) has 3 orbits on the points of PG(2,q).

Proof. <D>is one orbit; the oval is one orbit.

Take any p # <Droutside the oval. Call
pl':= (oval) n (p u <D>), Py = (oval) n (pu pz) , for any P, ¥ P,
on the oval. Then

p = (<D> v p) " (p3 u p,), so

Pi» Pys Py determine p. Now, we have seen that PSL(2,q) acts
3-transitively on the points of PG(l,q) (theorem 4.3.4.), hence on
the points of the oval, Therefore, the points # <DP> outside the oval

form an orbit.

d

Theorem. The action of PSL(2,q) on the lines of PG(2,q) has

3 orbits, viz. the q+1 tangents, the iq(gq~!) passants
and the iq{q+l) secants of the oval,

Proof. The tangents are represented by <a & a> + <D> , and the

secants by <a & a> + <b & b>, where a & a , b § b are on the oval.
Then, it is easy to see that the tangents and the secants each form
an orbit,

But so do the passants, since there are 3 orbits altogether. This
follows from the fact ((18] p, 21) that any group of automorphisms
of PG(2,q) has equally many orbits on points and on lines, since

the incidence matrix is nonsingular.

0
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Chapter 5.

Few distance sets.

5.1 Spherical s-distance sets. (Ref. [16]).

Let X, of finite cardinality n, denote a subset of the unit .sphere

2, = (&« R | <£,e> = 13,
in Euclidean Rd with inner product
< > =
£,n Elnl + ... 4 Ednd .

Assume that the vectors of X admit only s inner products # |, say

Upseneny B (s is called the degree of X).

In other words, the vectors of X admit s distances # 0. Then X is

called a spherical s-distance set.
5.1.1. Example. Consider the case s = 1. Projection of an orthonormal basis

in Rd+I ontce the hyperplane

X, L R X e = 0,
yields a set X of d+1 vectors in Rd having
|
Taer ~ 351 Jan

as their Gram matrix of inner products, Hence, the vectors of X

lie on a sphere and admit only one distance # 0. In other words, X

- . . ‘ . d .

is a spherical one-distance set in R, called the regular simplex.
5.1.2.

Example. Consider the case s = 2. In R2 the maximum n equals 5,
attained by the vertices of the regular péntagon. In R3 the maximum
n equals 6, attained by the vertices of the octahedron, but also by
any 6 of the 12 vertices of the icosahedron which do not contain an
antipodal pair (such sets have inner product + 5‘%).

For general Rd, at least n = id{d+1) may be achieved, viz. the
d-1 d+1

_ (d;]) points with codrdinates (12, 0 ) , which in R~ . lie on the

hyperplane

?-?.
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Theorem. {absolute bound).

d+s— d+s-2)
b ]

ns { d—l]) + (Tg for the cardinality n of a

. .. . d
spherical s—distance set in R ,

Proof. [26] For each vector y ¢ X we define the function

4

F (&) := JCyE> -0, Eeay.

(a], Bopseeesy O are the admissable inner products # 1 in X,)
These are n polynomials of degree < s in the variables El,..., Ed’
restricted to ﬂd. The linear space of all such polynomials is
Pol(s), and has dimension
d+s~-1 d+s-2
( dei )+ { e ) (see 5.1.5.).

The polynomials Fy(E), y € X are linearly independent, for:
let

cF(E) 0,Eef, fore €R € X.
gxyy ’ d y ¥
Since ye o
Fy(x) = éx,y igl(l—ai) for all x,y ¢ X,
we find s
Il - = .
cy i=1(] ai) 0 for all y € X

This yields cy = 0 for all y ¢ X (note that a. #1).
Thus, the n polynomials Fy(g) » ¥ ¢ X, are linearly independent in
Pol(s). Therefore, n cannot exceed the dimension
d+s-1 d+s=—2
( d-1 Y+ ( d-1 )
of Pol(s). 0

. Remark, If s = | then n £ d+1. Equality holds for the regular simplex.

If s = 2, then n S }d(d+3). The only known cases for which
n = $d(d+3) are (n,d) = (5,2), (27,6), (275,22).

Remark. The linear space Pol(s) of the pelynomials of degreecx s,
restricted to Qd is the direct sum of the linear spaces Hom(s} and
Hom(s~-1), where Hom(s) is the space of the homogeneous polynomials

of degree s, restricted to & (In other words, the span of the mono-—

3"
mials o

o
| d } : o
EI sy Ei . @ + .... + &, =s, restricted to d).
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The dimension of Hom(s) is (d;i;l

Pol(s) is

), and therefore, the dimension of

d+s=1y d+s-2

Cat 74 Gyl

The mod_p bound.

In some cases we can obtain an upper bound, which is better than the
one given in 5.1.3. (For a more general approach see [77]).

First we prove the following lemma:

. Lemma. Let M denote a subset of R of finite, positive cardinality.

If ZM < pZM , for a certain prime p, then M = {0}.

Proof. Assume that ZM < pZM for a certain_prime P.

QM is a linear space over Q of finite dimension f. We select a basis
€l Bgpeeny € in QM and dencte every m ¢ QM by the unique vector
(q], Qyseees qf) with

£
m= j q;e; s q € Q.

If q; # 0, then we can write
o o B..

_ 1 1] . .
9. =P jglpj , where pj is prime, a,, Bij € ?

(Note that this factorization is unique).
For m ¢ (QM)\{0} we define
plm) := m1n.{ui I 95 # 0}

‘Since ZM c pZM, and therefore ZM = pZM, the following holds:

- min p(m) = min p(m)

mepZM\ {0} me ZM\ {0}

But also:
min p{m) = ! + min p(m) ()

mepZM\ {0} meZM\ {0}
It is easy to see that p{m+n) 2 min p(m), p(n) , and
therefore ' _

min - p{m) = min p(m).

me ZM\ { 0} me M\{0}
With (*), this yields: ’

min  p(m) = 1 + min p(m).

meM {0} ‘meM\{ 0}
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M has finite, positive cardinality, and therefore the above yields

= {0].

{1

5.2.2., Theorem. (mod p bound)

Proof.- Let {kai mod p | i=1,...,8} = {B‘,...., 8 1}

Let X ﬁ'Qd, of cardinality n, denote a spherical s-distance
set in Rd with admissable inner products IEEEERT (#1).
Assume that for a certain integer k: kdi € Z, for all
i=1,..., 8.

If p is a prime such that kui Xkmodp ,1i=1,...,s,

(d+s -1) (d+s —2) ,

then

where s, is the cardinality of the set {ka, mod p | i = 1,...,s}.

]
P

Define for each vector y ¢ X the function:

]
s TP -
Fy(g) . iﬂ](k<y36> Bi) > E € Q

These F

q°

(E), y € X are n polynomials in Pol(s ). They are linearly

1ndEpendent for:

let

Since

and

we find

yeX

] mF () =0 ,Eeq

Sy a’ for my e R, yeX.

s
= P -
FY(Y) 307 (key,y> Bi) # 0mod p ,

Omedp, x4y,

{1}

s
= P -
Fy(x) 0 (k<y,x> - 8D

mF (x) = = z mF (x) ¢ pZM , x € X,
X x
y¥x vy

Because Fx(x) # 0Omod p, x ¢ X, we obtain m ¢ pZM, x ¢ X.
Hence, M c pZM, and soc ZM c pZM.
The lemma 5.2.1, yields M = {0},

Hence, the n polynomials Fy(E), vy € X are linearly independent in

Pol(s ).
P

Therefore, n cannot exceed the dimension

(fﬂﬂ *l) (d+5 "2) of Pol(SP)-
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5.2.3. Example. Let X be a set of binary d-vectors with weight 7 and with
admissable inner products (#7) 0,2,4,6. Then X is a.sperical
four-distance set in Rd.

With theorem 5.1.3. we obtain (1/24)(d+7)(d+2)(d+1) as an upperbound ?

for the cardinality_n of X. But, if we use theorem 5.2.2. with k=l

and p=2 we have sp=1,'and this yields P d-1 F
n< (g )+ (o) = el

Until now we have only spoken of spherical few-distance sets in

Rd. But what about general few-distance sets in‘Rd?

Let X denote a s~distance set in Rd with admissable distances (#0)
A, 3..00, 0 . If we use the same techniques as for spherical
1 s :
s-distance sets, in other words, if we define the polynomials
5

2 2
.Hl (HY‘EH - ai) s ¥ € X,

i:

Fy(g) i=

which are linearly independent, we only get : A

|X| < (d;S) " (d+z-]) ,

g . . d+
the same bound as for spherical s-distance sets in Rd ].
d+s~1

But it is possible to choose ( d

)} polyncmials fi with the property
that the set |
. . : d+s~1

{Fy [y ex}u {fi 1= 1,0, ()

‘remains independent, and therefore find

d+s

d ) . ' ref: [5].

x| < (

2x3. _Equiangular lines.

Equiangular lines in Rd'are lines through 0 in Rd that admit only
one angle # 0. '
Note that a set of equiangular lines in Rd is a one-distance set in

(d-1)-dimensional elliptic geometry.
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We will nowstate an absolute bound for the cardinality of such a set
(in 5.4. we will give an interesting example of a set of equiangular
lines, and in 5.5. we will investigate the ralation between equian—~

gular line sets and other combinatorial structures).See also [287,

Theorem. (absolute bound)

n < }d(d+1), for the cardinality n of a set of equiangular

lines in Rd.
Proof. First, note that the linear space of the symmetric 2-tensors
in Rd has dimension id{(d+1). Recall that the 2-tensor (a @ b) has
components (a & R)ij = aibj i a,be Rd and that two 2-tensors have
inner product
<a @b, c gd> = <a,c> <b,d> , hence

<a'® 2, b 8 b> = <a,b> ()

Let L, of finite cardinality n, denote a set of equiangular lines
in &Y with admissable angle ($#0) 4.

We select a unit vector along each line and denote the set of those
n vectors with X.

The Gram-matrix of the vectors of X is In + Cn cos($),
where cC = " .

With property (%), it follows that the Gram matrix of the vectors
X gXx, X ¢ Xis
-7 2

I+ -T1) cos™(4),

which has only positive eigenvalues (Alﬂsin2(¢)+n cosz(¢),
. 2
Xz = ,... = An = sin” (¢)).
Therefore, the n vectors x g X , x ¢ X are linearly independent
in the linear space of the symmetric 2-tensors in Rd, of

dimension §(d+1)d. Hence, n < }d{d+1),. 0

Remark. This theorem can also be derived with the proof of 5.1.3.,
viz, the vectors of X admit 2 inmer products # 1 (cos{(¢) and -cos(¢)).

The polynomials Fy(E) are in thig case
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Fy(E) = <'y,£>2 - cos%(¢) = <y,£>2 - <E,E>cosz(¢), E ¢ Qd‘

Hence, the Fy(E) are n independent polynomials in Hom{2)} of

dimension id{d+1) , and therefore n < dd{d+1).

Sets of equiangular lines in Rd with angle arccos(1/3).

| - | T o 1
B =3 By * f% : By = /3| 2% 3

Let Xd denote a set of equiangular lines in Rd with admissable

" angle arccos(1/3). We are inferested in the maximum cardinality

of Xd’ which we denote by v]/3(d).
We claim that

4= 3 4 5 6 7 8 ....15 d=16

Vi@ = 46 10 16 28 28 ... . 28 2(d-1)

Proof. The problem is to find a maximum set X of unit vectors in

Rd with admissable inner products(#!) 1/3 and -1/3 (x).

1Y d = 3. We can always find 3 vectors in R3 with the above pro-

perty, say p,, P> Py (<Ei’2i> =1, for i = 1,2,3}.
There are 2 non—-equivalent cases:

(i) <23,p.> = -1/3 " for all i 4 j

(ii) <p, ,pJ> = 1/3 f for all il# 3.

All other p0551b111t1es 1ead to a set of llnes produced by (i) or
(ii).
Important is the fdct that Bys pz, Pq must be 1ndependent 1n R3

Therefore. all other vectors p with property (*) can be wr1tten as
B = dlgl + {1222 + 0}23 .

Then we find that case (i) vields one additional vector'viz.

P*"Py - Py " Py Case (11) does not produce any additional vectors.

Hence, v (3) = 4, A maximum set is:

1/3 .
f -1 -1} 11

-1 : _ ~1] L1

e ._:;;;;‘;__._:‘_”‘_.‘,:
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2) To prove the cases d > 4, we first investigate the structure of
maximum vector sets X in Rd witH <p,p> = I, p ¢ X. and other admis-
sable inner products /3 and ~1/3.

First, note that it is always possible to select 3 vectors of length |
and mutual inner products -1/3 (if not, then the Gram matrix may

be put in the form (2/3)I + (1/2)J, and this yields < d vectors).

Call these vectors Bys Py Pj3- The vector 24 = -21722-23 must also
be in X, for, X is maximal (i.e. the set is tetrahedrally,clesed).

So, X must contain 4 vectors (a maximum set) Py» Pps P3s By of length
1, mutual inner products -1/3, that lie in R°. Other elements of

X must lie outside R3. Therefore, we have to look for vectors x ¢ Rd
cutside R3 with .

<X,¥> = 1, <x,p.> = (1/3)e, , e, =+l ,i=1,2134,
- ToRy i i

Pi*Py*Ry*p, = 0 yields e +e +e +e, = 0. Hence, there are 3 non-

equivalent possibilities for the ei's , viz.

(i) €y =g, = 1, €y = €5 = -1

{ii) El = £, = =] , E, =g, = |
(iii) El =‘€2_=—3 ’ £ = £ = 1

3

. d
We can write x = h + ¢ where h € R3 » ¢ceR , andc R™.

Then <E’2i> = (l/3)Ei and therefore there are 3 possibilities for h:

(1) b, = i(p,~p,"p4*p,)

(i1) b, =H(-p,*p,~D4*p,)

(iid) 23 =£(jE1jBZ+23+BA)

In other words, the elements of x\{Bl'EQ'%g'B4} can be written as
Byrey » By*ey 5 Byt 2283 + R

{hi+g | Eifg e X} (i =1,2,3) is called a pillar. hi is the socle

where gys

of the pillar,

The question is: how can we "fill" the pillars?

Cage_1 : ome pillar.

Assume that the first pillar is filled (or the second or the third),
and that the other two are empty. Let Y be the set of the vectors

h] + ¢ in the pillar.
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The Grammatrix G of the vectors of Y is ¢ = T + (1]3)A,

0
where A = ) .

7y
Because the vectors of Y can be written as EJ + ¢, we can also say
that G = (1/3)J + C , where € is the Gram matrix of the E'S
(note that {E],E4> = 1/3). This yields

¢ - 2 ) 0f-1
3

0/-1 |

Hence, for 2 different vectors hy * ¢ and hl + c¢' in the same pillar,
c and ¢' have angle 90° or 180°. The c's lie in (d~3)-dimensional
space and therefore there are at most 2(d-3) vectors ¢ with the

above property. Hence, if ome pillar is full and the other twoc empty,

then the full pillar contains 2(d-3) vectors.

Case 2 : twe pillars, three pillars.

Consider the first pillar with a vector El + Cqo and the second

with s vectors 22 + Cp 5 rreer s EQ +'£s , where Sy seenes ©
is an orthogonal s-set L R3 (hence, 0 £ s £ d-1).
The Gram matrix of the vectors h] +c. , 22 + Sy rrerres h, + ¢

=0
in the pillars is

Otl ..'...:]
G=I'+§ ¢ .
+1 J -1
- s s
+1
But also _ 1 o0 0 .. dﬂ
| 0
G= ry + c
3 . 3 s
. s
0

where C 1s the Gram matrix of Chorees L (note {E},22> = 0),

e i

PRSI

- Sl e SR
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3 + B ﬂ
This yields L. TSP +
‘ +}
C=3 |- 1 '
. 5
: +4

C is a Gram matrix and therefore det(C) 2z O,

Henc, l—}((i-l)2 + ...t (:l)z) =1~ }s > 0, This yields s < 4.
Because a pillar can only be filled with elements hi + ¢ where

the E’s form a double-orthogonal set {angles 90° and 1800),

we can state:

If more than one pillar is filled, each pillar can not contain more
than 8 vectors. Thus, if we £ill more than one pillar, we obtain

at most 4 + 3:8 = 28 vectors with property (%),

Now we can continue with the proof.

3) d = 4, If we £ill one pillar, we get: v]/B(ﬁ) >4+ 2 =686,
Assume that in the first pillar we have a vector E] + ¢, and in the

second a vector h, + ¢

2 ¢ The Gram-matrix of ¢

and ¢, is:

1 2

N L
BT LS
C has rank 2. But because C1» &y € R and L R7, C must have rank < 1.

Hence, we can only fill ome pillar. This yields v]/3(4) = 6,

4) d = 5. If we fill one pillar we get: vl/3(5) 24+ 4 =28

Assume that one pillar (the first) contains one vectorhl * g and

another {(the second) contains two vectors Eé * gy and DQ + Eﬁ

with <52,£f> = (., The Gram-matrix of the c's is:

2
S .
C= |[+} 1 0 , which has rank 3.
+ o 1

But the c's are in R5 and 1 R”, and therefore C must have rank < 2.
Hence, if we fill all three pillars, we can put at most 2 vectors
in each pillar,

This yields v (5) £ 4 + 3.2 =10,

1/3
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Now consider the (~i,1) adjacency matrix C of the Petersen-graph:

0 -+ + -
AS J-21 — 0 -+ 4
C = where. A5 = +-0-+ .
+ + -0 -
J=21 ~Ag C -0

C satisfies C2 = 9T and CJ = 3J.

Hence, C has smallest eigenvalue -3 of multiplicity 5 , and
largest eigenvalue 3 of multiplieity 5.

If we use theorem 5.5.1, in the next paragraph, we find that C
leads to a set of 10 lines in R5 with angle arccos(1/3).

This yields v]/3(5) = 10.

5) d = 6. In the same way as for d = 5, we can show that

vl/3(6) S 4+ 3.4 =16 (each pillar can not contain more than
4 vectors),

Consider now the following vectors in R6:

1

c§c>—-o

o ;-o -0
—t:——;-c>o.
—— 0.0 —

Change in each vector the ones in each of the following combinations:

This way we get 16 vectors in R6 with cos(a) = +(1/3) .
Hgnce, v]/3{6) = 16,

6) d = 7, If we £ill one pillar, we get v1/3(7) 24+ 2(7-3) =12,

" If we fill all three pillars, we get v]/3(7) £ 4 + 3+8 = 28.

TIPS T IL

e R
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B N e S e Y PO R




= 104 ~

Consider the incidence matrix of the Fano plane:

11010007
0110100 ,
0011010 If we change in each of the rows of F
F = coo1to01} - the ones in each of the following
1000110 . .
010001 I combinations:
1
| 1010001 1 I -1 -

we obtain 28 vectors in R7 with cos(&) = +(1/3).

Hence, (7) = 28.

Vi/3

7) d =8, 9,...., 15, If we fill one pillar we obtain less (or ﬁo
more. (d=15)) than 28 vectors. Therefore vl/3(7) = vl/3(8) = ...
e = v]/3(15) = 28,

B) d 2 16. If we fill one pillar we obtain more than 28 vectors.

Therefore, v]/3(d) = 4 + 2(d-3) = 2(d-1). 0
5.5. Two-graphs. (Ref: (301, [331).
5.5.1. Theorem. There is a 1-1 correspondence between sets of equiangular

lines and switching classes of graphs.

Proof.

1) Consider a switching class B of graphs on n points. Let C be the
(~1,1) adjacency matrix of such a graph, with smallest eigenvalue
-s of multiplicity n-d., Then I + (1/8)C is positive semidefinite
of rank d. Therefore, T + (1/s)C is the Gram matrix of n vectors
in Rd of length I, and with inner products +(l/s}. Hence, these
n vectors determine n equiangular lines in Rd with angle arccos(1/s).
Switching w.r.t. a vertex of the considered graph is equivalent
to changing the direction of the unit vector on the corresponding
line. Therefore, all the graphs of § yield the same set of equi-
angular lines.

2) Consider a set X of n equiangular lines spanning Rd. Select a unit
vector along each line. We may write the Gram matrix of these vectors
as I + C cos(d), where C is the (-1,1} adjacency matrix of a graph

on n points, @ the angle between the lines.
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If we choose another set of unit vectors that also produces X,
then the Gram matrix of these vectors can be put in the form
I+ C'cos(a), where C' = DCD, D = diag(+!). Hence, the graphs

of C and C' are switching equivalent.

a

5.5.2. Definition. A two-graph (R,A) is a set 9 and a collection A of triples

in 8, such that every 4-subset of  contains an even

i Pk H e B s LY

number of triples of A4,

If there exists an integer k, such that every pair in 0
occurs in k triples of A, then we’' call the two-graph

(92,4) regular.

. . . . . d
Let 2, of cardinality n, denote a set of equiangular lines in R

with angle 0 < ¢ < /2. We select along each line a vector and define

S

the following graph on those n vectors:

pe

2 vectors are adjacent iff the angle between the vectors is obtuse.

A triple of lines in @ is called good if we can choose 3 vectors
along the lines, one aleng each line, such that all three angles are

abtuse.

e.g.

A triple of lines in © is called bad if we can choose 3 vectors
along the lines, one along each line, éuch that all three angles are
acute, _ _ ‘

Observe that a tripie 6f lines is either good or bad, and that there
is no third possibility.

To be more precise, consider a good triple of lines in Q. If we
choose any three vectors aldng the lines (one along each line),

then the graph of these vectors is

A or




g
i

i
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If the triple is bad, then the graph is

AN .

For the vertices a and b (a # b) of a graph, we define the following:

[ab] := 1 if ab is a nonedge,

[ab] := -1 if ab is an edge.

The following can be easily verified:

a triple of lines in I is good iff for the vertices a,b,c of the
corresponding graph Eab]fac][bc] = ~-1 holds, and it is bad

iff [abllbellacl = 1.

Call [abel] := [abl[acllbel.

We claim that every 4-subset X of § contains an even number of good

triples.

Proof. Consider the graph corresponding with X on 4 vertices a,b,c,d.
The triples are abc, abd, acd, bed. [abcl[abdl{acdl}{bed] = 1, holds
because every [xyl, x,y = a,b,e,d ; x # y occurs exactly twice in the

product. Hence,the number of good triples in X is even.

0
5.5.2. Example. The 6 diagonals of the icosahedron make up 20 triples.
Among these, 10 are bad. Every diagonal asccurs in five bad triples,

every pair of diagonals in two bad triples,

. s . d .
We have shown above that a set of equiangular lines in R 1s a
two-graph.
Likewise, the converse holds (this we state without proof).

Hence, we can formulate the conclusions of this paragraph as follows:

5.5,3. Theorem. Two-graphs, switching classes of graph, and sets of

dependent equiangular lines are equivalent structures.
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Chapter 6.

Some prceblems from combinatorial geometry.

In this chapter we will deal with some problems of the Hungarian
mathematician Paul ErdSs, in the area of combinatorial geometry.
First we will discuss sets of points with angles that are smaller

than n/2 and /3 + v , respectively, where y is small. (see [14] and

Secondly we examine sets of points in which each triangle is isosceles,

the so called isosceles sets, first introduced by L.M. Kelly. These

will turn out to be closely related to two~distance sets (seel 41).

Paul Erdos conjectured many years ago that in d-dimensional R-space
the maximum number of points f£(d), with all angles not larger than
7/2 equals Zd and is realized by the d-dimensional hypercube {O,I}d,
that is {x ¢ RY | x; ¢ {0,1), 1 = 1,2,..,d}. A simplé proof for this

If also no right angles. are’allowed, one céﬁ‘eﬁsily see that £(2) = 3,

6.1. Introduction.
£19] ).
6.2. Sets of points with no obtuse angles.
conjecture was given by L. Danzer and B. Grunbaum [14],
:Croft proved £(3) = 5 and we will Show-the‘f6116Wing result by
Erd3s and Fiiredi. '
6.2.1,

Theorem,[191. The max{@um nurber of points in Rd that provide only

' sharp angles is larger than (1;{5)d_,‘for large 4.

Proof. Consider the collection of vertices from the d-cube {O,I}d.

For any vertex a we define A := {i | a; = i}. The triangle (a,b,c)

has a right angle in ¢ iff _ o
' (ANB)cCc (AU B) (*) :
Since (a,b,c¢) right in ¢ means <a=c,b-¢> = 0 which is

equivalent to ‘

o VGSiSd;[ a, =c, or bi = ci.] :

T ik e

EERlL

e

4




S - 108 -

So

if e. =1 then “Y¥(a. b, = 0) : CCcAUB .
i i i

bi = 1) H AnBecC

1

if ¢, =0 then “a,
i ‘ i

We see now that the combinations (0,0,1) and (1,1,0) for (ai'bi’ci)

make the triangle (a,b,¢) acute in c.

Now choose Zm points al,...., azm at random. That implies

prob(ai = 0) = prob(ai = 1) = }.
It 1is clear now that
prob((a,b,c’ satisfy (+)) = (-z’-)d.
So
E(# (a,b,c) with () = m(2m1) (2w-2) .

We are now looking for an m which satisfies E(..) £ m. This results
in the inequality
2m(2m1) (20-2) (D 5 m

This inequality holds if

. 8m3(-2—)d < ] or m = Qg_)dﬂs .
We know now that we can find Zm points with at most m right triangles.
If we remove one point from all those triangles, there are still m
points left and no right triangles.
So

2

d-8
f(d) = = (
"oy

) > (1.15)d for sufficiently large d.
3 0
Remark. Some of the counting in this proof cam be done much better.
However, it was not our intention to get the best possible result,

but only to show that the maximal number of points is exponential in d.

The method used in the proof of 6.2.1. can be used to solve the problem
of finding an upperbound of the maximum cardinality of sets in R
with the property that all 3-subsets determine "near"-equiangular

triangles. We need the following lemma.



6.2.2,

6.2.3.
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Lemma, Let X = (1,2,...,d}. ‘%5{0 1} there exists a collection
F= {F],Fz,....} of subsets Fi from X, with |Fi| = k
such that N
1) |FinFjj<Ek s 1i# ]

2) IF | > (1 +0.4 He

| <ek. Assume that we have found n:

Proof. Take F.'s with| F, p F.
—_— i i j

Define G_ := c le n Fil > kel

As long as the cardinality of G does not exceed (i) we can find an Fn+1'

For any i the number of G's with |G n Fil > ke,

is at most

k , d-ke : 2ol
(RE)(k—ke)' _ . %
F, rest

L 1 I -. J i) 1

e e -

kE k-k¢
It now fellows
k d~ke
|G I k )(k*ka)

So in the end at least

Choose now k = ‘ds. We flnd w1th St1r11ng s formula ‘
{n = _ »/zvn) that . ' . |
) [Fl=n =+ 0.4 99, 0

Theorem. [19 ] The maximum cardinality of a set in Rd with the property
that all 1ts 3-subsets determ1ne angles smaller than 3+ N,

¢ where Y’l& a small real, is hlgher than

(1 + 47D
Proof. The k-subsets of a d-set as used in lemma 6.2.2, can be consi-
dered as vertices x of the. d~cube, lying in the hyperplane ;

d
L ox, =k
i=f 1
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If we take three vertices x,y,z out of F then

<y-x,z-x> 2 k=2&k ,
<y—X,y-x> < (21()i ,
<z-X,z~X> < (210i .

k—2€k = & - &

Thus cos (Lyxz) = T

Since cos(w/3 +y) = 4 - iJB vy we find £ ﬂ/iy.
So

f(dy 2 (1 + 0.4 sz)d = (1 + 8/15 Yz)d > (1 + 5Y2)d.

6.3. Isosceles point sets in Rd.

. . d . . . .
An 1sosceles set in R™ is a collection X of points, such that any triple
among them determines an isosceles triangle. The terminology that we

use is the following :

(i) Let X = {x],x ..,xv}, then the affine hull aff(X) is defined

20
as
aff(X) t= {5 ,a.x. | I a, = 1}.
1=171"1 i

We assume that aff(X) = Rd.

(ii) For any subset X, ¢ X, dim(xl) is the dimension of aff(XI).

1

(iii) A(X) represents the set of distances between points of X.

(iv) For a € A(X) let Xa be the graph defined on the set X, with

two points joined by an edge iff their distance equals a.

(v) Finally X is called decomposable if X can be partitioned into
X, and X, with IXZ[ > 1, such that each point of X, has the
same distance to all points of Xz, this distance may be dif-

ferent for distinct points of Xl, though.

6.3.1. Lemma. If X is decomposable, and (Xl’ Xz) is a decomposition for X,

then

dim(X‘) + dim(Xz) < dim(X) .




6.3.2.

= HT1 -

Procf. Let P be the orthogonal projection on aff(Xz). Then for
any x, e X] s le is the center of a sphere in aff(Xz), containing

Xz. Since X2 spans aff(Xz), P maps X, onto a single point. Therefore

the flats aff(Xl) and aff(xz) are,oréhogonal and the result follows.
[l
Theorem. 1If X is -indecomposable then it is a two-distance set.
Proof. First we examine the case that there is some distance a for
which’Xa is disconnected., Then we look at the case where there 1is
some a for which Xa has diameter larger than two. Finally we consider

the case that Xa has diameter two for each a ¢ A(X).

Cage 1. Suppose there is an a ¢ A(X) such that Xa is disconnected,
then X is decomposable, for let X2 be a component of Xa having more
than one point. From the isosceles property it now follows that any
point not in XZ has the same disténce'to all points in X2'
Case 2. Now suppose Xa is connected for all a ¢ A(X) and let b be

a distance such that there are two points, u and v, at distance three
in Xh. Let a be the Euclidean distance between u and v. We claim that
X is a two-distance set.

Let U be the set of points in X that are closer to u than to v in the
graph Xb and let V = X U, For any 2z in .U there is a (u,z) path
entirely in U. S0 by the isosceles property v and z have distance a.
Similarly u has Eu¢lidean distance a to anylpoint in V. Now take

Zz, €U and z, €V and. let P

| 2 1 2
(zz,v) path. If z]_is adjacent to z, in Xb, they have distance b.

be aishortest (zi,u) path,P a shortest

If z, is not adjécent to any point in Pz then they have distance a

by the isosceles property. Similarly if z, is not adjacent to any

point of P . Now if both points Te

do have a neighbour on the z, 2,

other path it is clear from the _
picture that the following

holds ; u v

db(v,zl) < éb(v,zz) < d£(u;22) < db(u,zl) s

‘where db(x,y) is the "distancé" of % and y in Xb.—

Phis is a contradiction.

i

L iR

R

L EP AR e ke 21

i

H#
i
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Now for any further distance ¢ the graph XC cannot be connected,
since U and V are only joined by distances a and b,

Therefore X is a two-distance set.

Case 3. Suppose now that Xa is connected for every distance a,
and has diameter 2. Suppose there are three distances. Call them
a, b and c. We will construct an infinite subset of X, thus obtaining

a contradiction.
Let z be an arbitrary point in X and a, a point at distance a from z.

In X there is a point bl having distance b to both z and a for the
diameter of Xb is 2. Similarly we can find a point c having distance
¢ to both z and bl' Since c,a, is part of the triangle cla]b] s

c’tal is either c or b, but since it is also a side of the triangle

c a,z it is either a or ¢, and therefore it has to be ¢. Now let a

be a point at distance a from both ¢

2

1
in the way indicated above, we will show that at each step at the

construction of the infinite set the last constructed point has the
same distance to all previous constructed peints. Suppose the last
noint we added was a, , we assume that our induction assumption holds
for all points preceding a i.e. if d is a p01nt of the sequence,

where d = a, b or ¢ and j < k, then d has dxstance d to all points

preceding dj. By definition ak‘has dlstance a to z and Chm1”
Comparing the triangles zakbj and ck—!akbj we see that akbj ig a.
Similarly, comparing the triangles zakcj and bj+lakcj (where

j*! < k) we conclude that akcj is a. Finally the triangles bk-lakaj
and ck—lakaj force akaj to be a. Since every point has a different
distance to its predecessors all points we cbtain in this way are new,
therefore we constructed an infinite subset of X, a contradiction,

Therefore X is a two—~distance set.

0

Remark. Cases 2 and 3 can be considered as the proof of the following
pure graph-theoretic theorem:

Let K (the complete graph on n vertices) be edge-coloured with k
colours, such that every triangle has at most two colours, and for each

colour, the induced graph on that colour is connected. Then k = 2.

and z and define bZ’ Cos By = - -
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6.3.3. Theorem.[% ]. Let X be an isosceles set in Rd, then
card(X) = }(d+1)(d+2) .

Equality implies that X is a two-distance set, or a

spherical two-distance set together with its center. S

Proof. The proof is by induction, If 4 = 1 then 3 is the maximum

cardinality and X is a spherical set together with it's center.

For & = 2 Kelly proved that the maximum is 6, realized by the .%
centered regular pentagon. _g
Now let d » 2, If X is a two—distance set then we have the required :fé
inequality (see 5.2, ).Now suppose X is decomposable, (XI’XZ) 'ﬁ
being a decomposition. ?
-Case 1, dim Xl # 0. Since ]X2{ > 1 we have 0 ¢ dim(xl) < d. g

Let d] = dim(X]), then by induction we have
|X] < £(d]+l)(dl+2) + ;(d—d]+1)(d—di+2) < ${d+1)(d+2).

Case 2. dim(xl) = 0. In this case XI is a single point and therefore
X2 is spherical. If X2 is not a two-distance set it is decomposable
say X, = (X',X;). But now (Xl U XE,X;) is a decomposition of X as

in case 1. This finishes the proof. _ *

e it

!
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