Mathematical methods and theory for noisy quantum algorithms

Themes: quantum algorithms, quantum optimal control, mathematical physics, operator al-
gebras, non-commutative probability

Suitable for students interested in seeing the interplay of linear algebra, analysis, and proba-
bility applied to quantum information, quantum algorithms, and mathematical physics

Overview Modern quantum technologies rely on our ability to design accurate control pro-
tocols, develop efficient quantum algorithms, and understand the mathematical structures that
govern quantum dynamics. This project theme brings together three perspectives: quantum
optimal control, quantum algorithms, and non-commutative probability as a framework for ran-
domness, noise, and measurement. Students explore simplified but mathematically rich models
that reveal fundamental principles behind controlled quantum evolution. Each project can
follow a theoretical or computational and is designed to be open-ended yet manageable for a
Bachelor’s of Master’s final project.

* This project may be a joint Math-Physics project with the Coherence and Quantum Technol-
ogy group in Applied Physics.

Central Challenges

1. Controllability of quantum qystems. When is a quantum system fully controllable?
How do symmetries, Hamiltonian structure, and control constraints determine reachable
states and operations?

2. Variational algorithms as control problems. Many quantum algorithms (e.g. VQE,
QAOA, VQOC) can be viewed through the lens of optimal control. What principles make
these algorithms expressive, stable, or difficult to optimise?

3. Quantum vs classical randomness. Quantum randomness arises from states on op-
erator algebras, quantum channels, and measurement. What are the non-commutative
analogues of expectation, variance, or Markov processes?

4. Controlled dynamics under noise. Interactions of a quantum system with the envi-
ronment cause decoherence. Can control mechanisms mitigate or exploit noise?

5. Control-enhanced quantum algorithms. Can optimal control accelerate adiabatic
evolution or improve variational ansidtze? When are speed-ups theoretically plausible?

6. Unifying mathematical structures. Are there general principles—gradient flows, vari-
ational formulations, operator inequalities—that connect quantum control, algorithm de-
sign, and non-commutative probability?

Possible Project Directions Projects may include studying controllability in small quan-
tum systems, deriving control-inspired forms of variational algorithms, simulating controlled
dynamics in the presence of noise, analysing simple examples in non-commutative probability,
or proposing new toy control protocols with mathematically transparent behaviour.

Student Profile These projects suit students who enjoy combining mathematical reasoning
with computational experimentation and who are curious about the foundations of quantum
information and the mathematics of open quantum systems.



