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This project investigates a surprising paradox in the mathematical theory of upscaling within
the GENERIC framework for thermodynamics.

1 Background

1.1 Upscaling

Many real-world systems evolve on multiple scales simultaneously, and these scales influence
each other. Think of how daily weather fluctuations influence the long-term climate, or how the
little eddies around your whisk speed up the mixing of the batter. In this context there is an
important mathematical challenge: to derive macroscopic behaviour from microscopic dynamics.
In the examples above, this amounts to formulating climate models that give good predictions
without having to resolve those daily fluctuations, or predicting the mixing time without having
to resolve all the little movements of batter around the prongs of the whisk.

Formally, we have a family of problems P. depending on a small parameter ¢ (typically a
ratio of micro- to macroscopic scales). For each € > 0, a solution z. satisfies P.. The goal is to
characterize the limit as ¢ — 0, ideally in terms of some limiting problem Fj.

1.2 GENERIC

GENERIC (General Equation for Non-Equilibrium Reversible-Irreversible Coupling) is a math-
ematical framework describing thermodynamically consistent evolution equations. An equation
of GENERIC type automatically satisfies conservation of energy (First Law) and increase of
entropy (Second Law).

1.3 Ottinger’s Upscaling Method

In Beyond Equilibrium Thermodynamics [Ott05], H. C. Ottinger describes an upscaling method
for GENERIC systems with a remarkable property: the limiting problem P, is again of GENERIC
type. Since microscopic physics is Hamiltonian (a special case of GENERIC), this suggests all
thermodynamic models should inherit GENERIC structure.

However, the method is not fully described in mathematical terms, which is why some math-
ematicians (such as myself) have been studying this upscaling method, in order to understand
when it works and when it doesn’t. And in studying this method we uncovered a mystery.

2 The Mystery

Ottinger’s method works by postulating certain statistical properties of solutions z., then using
averaging to construct the limit Fy. In well-understood cases, this gives the correct answer.



In one simple example (a linear SDE in R*), we can characterize these statistical properties
ezactly, rather than relying on Ottinger’s approximation. One would expect that using exact
information yields a better result.

The opposite happens. With the crude postulate, Ottinger’s method gives the correct
limit. With the exact characterization, it gives the wrong answer.

How can a worse approximation produce a better result?

3 This project
In this project we therefore hope to understand why this is the case.

We will be doing this project with two supervisors; in addition to myself there will be
Markus Hiitter, Associate Professor in Mechanical Engineering at TUe. Markus is an expert
in both GENERIC and upscaling, but in his approach to these questions he takes a physics and
mechanical-engineering point of view, and so he and I bring in nicely complementary expertise.
I believe that it is exactly by bringing together these different points of view that we will able
to solve this mystery.

Phase 1: Analyze the simple R* model in detail. Give a precise characterization of the statistical
properties and demonstrate the paradox explicitly.

Phase 2: Place this model in Ottinger’s framework and identify where the discrepancy arises.

Phase 3: Explore possible resolutions, including the Ehrenfests’ coarse-graining picture [Gor06],
related ideas from Gorban-Karlin-Ottinger-Tatarinova [GKOT01], and Kleeman’s path-integral
approach [Klel5].
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